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1 Lines and half-planes

1.1 Lines

Need to be able to draw all sorts of lines

X + 3y = 12
X + 2
33X + Yy

ol
w b~

Recall that the lin@x+ by = c hasn = (a,b)’ as a normal vector.

1.2 Lines and half-planes

A straight line consists of the pointg, y) which satisfyax+
by =c.

The equation splits the plane into two half-planes, one on
each side of the line.

The half-planes correspond to the conditiars-by <cand _ .
ax+ by > c.

One is usually interested in viewing a half-plane which in-
cludes the line, e.g. °

ax+by<c

1.2.1 Details

A straight line consists of the poin(g,y) which satisfyax+ by = c.
The equation splits the plane into two half-planes, one ech sale of the line.
The half-planes correspond to the conditions

ax+by<c

and

ax+ by > c.

One is usually interested in viewing a half-plane which udigs the line, e.g.

ax+by<c

This region can be found by noting that the valueawft by increases in the direction of the normal



vector and is therefore larger thaion the side of the line into which the vector points, but is kenan
the other side.

1.3 Bounded and unbounded regions

In most cases one is interested in conditions of the form

ax+by<c
or ;‘
ax+by>c ’ )
with 7%
X,y >0 _

These regions may or may not be bounded.

1.4 Complicated regions
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1.4.1 Examples

Example: The region can be quite complicated, e.g.

X + 3y
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2 Lines as functions of two variables

2.1 The linear objective function

Commonly income, profit or cost are a linear combination oftoa variables.

z=ax+by

Here,z is a function of two variablest andy. The constanta andb determine the form of the
relationship.

The goal will be to find the minimum or maximum of such an olijexfunction, but with some
constraints.

2.1.1 Details

Commonly income, profit or cost are a linear combination oftoa variables.
z=ax+ by

Here,zis a function of two variables; andy. The constanta andb determine the form of the relation-
ship.

If ais the unit price of a product A arldis the unit price of product B, then the cost of purchasing
units of A andy units of B will bez= ax+ by.

2.1.2 Examples

Example: Suppose chemical A costs 41 dollars per kg and cherBicasts 13 dollars per kg. Then
the cost of purchasingkg og chemical is 41x and the cost of purchasingkg of chemicaB is 13y.
The total cost of this purchase will lze= 41x+ 13y.

2.2 The line as a contour

A straight line:ax+by=—c¢

A function: z=ax+ by (or z= f(x,y) wheref is defined byf (x,y) = ax+ by for real numbers, y)
A contour line is a set of points where a function takes a constant value:

ax+ by = cis a contour line for the function= ax+ by.

2.2.1 Detalils

A straight line:ax+by=c
A function: z= ax+ by (or z= f(x,y) wheref is defined byf (x,y) = ax+ by for real numbers, y)
A contour line is a set of points where a function takes a constant value:

ax+ by = cis a contour line for the function= ax+ by.



2.2.2 Examples

Example: If the unit cost of material A is 3% and the unit cost of mateBas 4$ then the cost of
purchasing units of A andy units of B will be 3+ 4y. The set of al(x,y) values on the line

3x+4y =25

is the set ofx, y)-units, which give a total cost of 25$.

2.3 Moving with the normal vector

will lead to an increase in the value of
(X,¥) = (X0,Yo) +d(a,b) with d > 0 impliesz > z.

If z=ax+ by andzy = axg + byo, @ move from(xo, o), in the
direction of the normal vectdi, b) for the lineax+ by = zy o

3 Linear programming

3.1 Linear programming

Optimization projects are quite common, i.e. one needs tbdibest numerical solution.

This is usually either a request for finding a maximum or a munh and sometimes the function to
be optimized is linear.

Sometimes one has bounds on the solutions and these arérmemkxear.

3.1.1 Details

Linear programming is used to find optimal solutions to peoid where both the function to be opti-
mized is linear, as well as any constraints.

Typically the objective function is either cost or profit atite constraints may be due to resources
limitations.

3.1.2 Examples



Example: Suppose we want to make animal feed as cheaply as possibleaW®awo pre-mixed feeds
which we can use. Mix A, costs 10 kr/kg, but mix B costs 20 kr/kg

The two mixes are different so the energy content of mix A @& scal but B has 4000 Kcal/kg. Mix
A has a lot of protein, 200g per kg of mix, B has 100g per kg.

A farmer wants to combine the two feeds and minimize costsstillfulfill the needs of the animals.
They need at least 2000 Kcal/day and 4009 of protein per day.

What is the optimal mix of the two feeds?

3.2 Linear objective function

Want to maximize a function of e.g. 2 variables:

z=ax+by

but there may be many more variables.
The objective function is a constaat= zg, if ax+ by = zp = on a straight line.
The objective function increases in the direction of thenmairvectorn = (a,b)’.

3.2.1 Details

A linear function of two variables is of the form

z=ax+by
Such a function can take arbitrarily large or small valuésa(@ndb are not both zero) unless some
constraints are put anandy.

Consider the functioa (which we might want to write(x,y) or z= f(x,y)). The first thing to note is
that this function takes on a constant valze; zp on a straight line ix andy:

Z=7y < ax+hby=2z.

Recall that the function value increases in the directiothefnormal vectom = (a,b)’.

3.2.2 Examples

Example: Suppose we want to produce two products, A and B where the pp&kr of each unit of
product A but 2 kr per unit of product B. If we produce a totakainits of A and y units of B then the
total profits are 3x+2y.

3.3 The solution set

The set may be empty
The set may be unbounded
There may be a unique solution to the problem




3.3.1 Detalils

Note that a linear programming problem may not have an optoiation.

The solution set may be empty and it may be possible forincrease (or decrease) without bound.

3.4 The general form

In matrix and vector notation:

minyc'x

3.4.1 Detalils

We can write the linear optimization problem in matrix naiatas follows:

minyc’'x

AxX<b

To do this one may need to turn around some equations (i.giphyy -1).

3.5 Shadow values

3.5.1 Details

At the optimum, the value of the objective functioms)(of a linear programming problem is attained
with some constraints aactive, i&x* = bj, but others may not be, i.ejx* < b;.

One can view the optimum value of the objective function asirection of these constraints =
f(by,bo,...).

When we relax the constraints, the solution can only improve

Theshadow valueof a constraint is the answer to "how much daemcrease if we relag/x* < b; by
one unit".

We can write this a%.



3.6 A visual solution

minyc'x

3.6.1 Detalils

If there are only two variable one can draw all the

constgaifind the set of admissible solutions and

inspect visually how the function changes within the soluset.

3.6.2 Examples

Deaemi: Latumx tdkna magn (kg) af fodurgerd A ggmagn af gerd B sem & ad nota i dagsskammt.

Ur pvi f6durgerd A kostar 10 kr/kg og B kostar 20 kr/kg er vetdrisunnarz = 10x + 20y.

Orkuinnihald dagsskammtsins byggist & pvi ad orkuinni#akt 500 kaloriur (Kcal) a kg og i B eru
4000 Kcal/kg pannig ad dagsskammturinn er me&500000y.

I A eru 200g proétins & hvert kg, en i B eru 100g/kg,

pannig adeail 20@+ 100y i skammtinum.

Til ad lagmarka kostnad en na a.m.k. 2000 Kcal/dag og 400gaip a dag viljum vid finna minnsta
mogulega gildi & = 10x+ 20y p6 pannig ad 500+ 4000y > 2000 og 208+ 100y > 400.

Oftast er petta ordad pannig:

mnz =

m.t.t.
50x+ 4000/ >
20x+ 100y >

GeoGebrais an excellenttool to draw the figuresps

10x+ 20y

2000
400

://www.youtube. com/watch?v=qjDG940t-PA&feature=relmfu

Example (from a 2004 exam in Iceland)Draw a figure and use it to find the valuesandy, which

minimizez = 2x — y with respect to

4x+ 3y
—X+y
X+ 2y

X

y
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Justify the answer.

3.7 Anexample

maxz= 3x — 4y
W.r.t. x — y <1
X < 5
X + y < 6 A
x > 0
y > 0
3.8 Oradalisti
3.8.1 Details
Enska Enskt sambheiti Islenska Isl. samheiti| Skyring
eda skammstofur]
Linear pro- Linuleg
gramming bestun

3.8.2 Handout

11




Linuleg algebra og t6lfraedi (09.10.16)
Vikublad 12

Efni og efnistdk i vikum 12-15 Fario hefur verid i linuleg likén, p.e. adhvarfsgreininderyvika-
greiningu og samvikagreiningu auk pess sem fjallad hefuivwem, hvernig meta ma gaedi linulegs
likans.

Lokid er linulegri bestun.
I naestu fyrirlestrum og deematimum verda synd nokkur deemi keyRslur.

Neest verdur hafist handa vid eigingildi og sidan meginpétagngu. Eigingildi og eiginvigra méa finna
i kd6flum 2 og 7 i Anton en einnig a vefsioum. Meginpattagragréna vefsioum.

Auk R deema verda i naestu deematimum tekin fyrir reiknud deemigémgildi og eiginvigrar verda efni
daematima sidustu vikunnar.

I lok misseris verdur upprifjun i fyrirlestrum. Ekki verdtyrirlestur & fostudaginn sidasta nema sérstak-
lega verdi um pad bedid.

Deaemi fyrir deematima
Linuleg bestun
Nokkur deemi um linulega bestun

1: Teiknid mynd og finnid gildirx ogy sem lagmarka = 3x+ 2y m.t.t.

xX-y > -5

-x+y > 1

xX+4y > 12
x > 0
y > 0

2: Leysio eftirfarandi i R eda Excel: Lagmarka skat= 3x+ 2y — zmead tilliti til

xX—-y > -5

-x+y > 1
2X+4y+z > 12
y+z < 20

x > 0

y > 0

z > 0

3: Teiknid mynd og finnid gildink ogy sem lagmarka = 3x+ 2y m.t.t.

X-y > -5

—x+y < 1

xX+4y > 12
x > 0
y 2 0

(athugio ad 6jo6fnumerkin snida ekki 6ll eins).

12



Linuleg bestun Gr Anton
11.3:1,4
2: Leysio eftirfarandi i R eda Excel: Lagmarka skat 3x+ 2y — zmed tilliti til

xX—-y > -5
-x+y < 1
2X+4y+z > 12
y+z < 20
x > 0
y > 0
z > 0
Eigingildi og eiginvigrar
Deaemi ar efni um eigingildi og eiginvigra
1: Finnid eigingildi fylkisinsA:
2 3
A < 2 3 ) )

2: Lysid eiginvigrunum sem tilsvara eigingildunum i deemi 1 eiinid pa (athugid ad ef = (x,y)’ er
eiginvigur, pa ekx lika eiginvigur og pvi ma velja vidbétarskilyréi eins og.tidka||x|| = 1 eday = 1
(nema ef svo vill til ad eiginvigurinn er einmitt mgd= 0)).

3: Finnid eiginvigra og eigingildi fylkisins

1 2 3
A=| 0 2 3 2)
0 0 -2
4: Finnid eiginvigra og eigingildi fylkisins
1 0 3
A= 2 2 0 3
0 0 -2
5: Finnid eiginvigra og eigingildi fylkisins
11 3
A=[2 2 o0 (4)
0 0 -2

Eigingildi og eiginvigrar Gr Anton
2.3:14,15
7.1:1,2,3,7,8,9,10

13



Meginpattagreining
Gogn um porsk

Taflan synir lengd, kyn, kynproska, aldur, 6sleegda og slépgdgd auk lifrarpyngdar 25 porska. Finnid
i hveriju tilviki fyrsta meginpattinn.

le ky kt aldur osl sl li
87 2 2 9 5620 4646 284
38 1 1 4 469 408 23
37 1 1 3 414 368 19
33 2 1 3 294 262 11
75 1 1 9 3520 3026 142
66 2 1 5 2545 2106 200
62 2 1 5 2519 2040 293
66 1 2 5 2735 2248 236
62 1 1 5 2152 1815 236
68 2 2 6 3008 2468 264
56 1 1 5 1760 1467 114
50 2 1 5 2012 1724 206
70 2 2 6 3304 2466 272
5 1 1 4 1560 1340 108
48 1 1 4 1019 906 75
60 1 1 4 2006 1665 148
60 2 1 5 2079 1872 149
65 1 1 5 2970 2443 298
60 2 1 5 2103 1753 217
69 1 2 5 2951 2434 259
57 2 1 5 1615 1370 138
50 1 1 5 2009 1722 144
67 2 1 6 2823 2312 185
60 1 1 5 1948 1678 127
70 2 2 6 2961 2415 234

Deaemi 1Notid samdreifnifylki sleegdrar og ésleegdrar pyngdar.

Deaemi 2Notid fylgnistudlafylki priggja pyngdarmaelinga.

Daemi 3Smidid fylgnistudlafylki allra maelinganna og gerid megatiagreiningu.

Deemi 4

Gerdar eru maelingar & tveimur breyturpgy. | ljos kemur ad fylgni peirra er = 0.75. Setjid upp

fylgnistudlafylki maelingannaR) og gerid meginpattagreiningu byggt & pvi (m.6.0. finnidstgrog
annan meginpattinn og tilsvarandi breytileika, p.e. eigjra og eigingildiR).

3.9 Anexample

14



4 Computer programs for linear programming

4.1 Excel og R geta framkveemt linulega bestun

4.1.1 Details

Einfalt er ad framkveema lagmarkanir og hamarkanir i Excithéss er notad forriti&olver, sem er ad
finna i Excel undir “Tools”.

Jafneinfalt er ad nota R. Verkefnid er sett upp a fylkjafoagiforritid simplex notad.

4.2 Uppsetning a breytum i Excel

4.2.1 Details

Einfaldast er ad setja upp hlid vid hlid paer breytur sem & ataflagmark yfir, t.d. taka fra reiti A2:B2
ef & ad lagmarka eitthvert fall af tveimur breytumy, og nota pa A1:B1 undir ndfn breytanna. Ef
lagmarka skal fall af premur breytum,y, z, er einfaldast ad setja fyrst inn einhver gildkd, z inn i
reitina A2:C2, o.s.frv.

4.3 Uppsetning a markfalli i Excel

4.3.1 Details

Vid linulega bestun er reynt ad finna lagmark (eda hamarky@dgu falli i breytunum, sem er pa a
forminu: ax+ by + cx fyrir 3 breytur. Ef vid hugsum okkur ad breyturnar séu i vigninx og margfol-
dunarstudlarnir séud, pa ma skrifa petta semt x, p.e. innfeldi vigranna.

4.4 Uppsetning a skoroum i Excel

15



4.4.1 Detalils

Hlidarskilyrdi vid linulega bestun eru af gerdunum-23y < 0 edax—y+z > 2, en raunar ma atio
skipta um formerki og snla jafnadarmerkinu pannig ad séityeru almennt af gerdinrd; - X > bj,
fyrir jofnuskilyrdin j =1,--- k.

Pessum jofnuskilyréum ma lysa med margéldun med fylki:

Ax >b )

4.5 Linuleg bestuniR

R: Notum simplex
ATH: Haegri hlidar purfa ad vera 0.

4.6 Breytuskipti

purfum oft ad vera eingdngu mep> 0
Getum pa purft ad skipta Gt breytum, tyd= u—v par sermmu, v > 0.

4.6.1 Details

Oft parf ad gera sérstakar radstafanir til ad umsnua 6jéfriuafa breytuskipti og alika til ad koma
verkefninu i pad form sem tilteknir pakkar purfa ad hafa.

4.7 Orodalisti

4.7.1 Details

Enska Enskt sambheiti Islenska Isl. samheiti| Skyring
eda skammstofun

Linear pro- Linuleg

gramming bestun

4.7.2 Handout

16



Leidbeiningar um notkun Excel vid linulega bestun

Leysid eftirfarandi i Excel: Lagmarka skal= 5x+ 7y — 2zme@ tilliti til

X—-2y>1
—2X+y>2
X+y+z>10
2y+2<20
x>0

y>0

z>0

petta ma setja upp a fylkjaformi sefix > b ef vid setjum

3 -2 0
2 1 0
1 1 1
A=| 0 -2 -1
1 0 0
0 1 0
. 0 0 1
-
2
10
B=| —20
0
0
L 0_

(athugio, hvernig skipt var um formerki i gegnum eina jofadihad halda> alls stadar !).
Linulega bestunarvandamalid ma pvi setja upp pannig i Excel
Setjid merkingar i linu 1, A1, BL,- (X,Y,---).

Setjid einhver agiskud gildi & breytunum i linu 2, p.e. A2, B2. [ ofangreindu deemi méa setja
x=1y=1,z=1ireiti A2:C2.

pa parf ad setje-vigurinn i naestu linu fyrir nedan, p.e. linu 3, i reiti A3, B3 . | deeminu fara télurnar
3,7, -2 ireitina A3:C3. Reiknid gildi innfeldisins x med formulu i naesta reit til haegri vidvigurinn.

| deeminu kemur jafnan “=A2*A3+B2*B3+C2*C3” { reit D3. Fyrtaerri eda minni daemi hlidrast petta
til.

Setjid pvinaest fylkidA par fyrir nedan, p.e. fra og med linu 4. | deeminu er petta gerhjy ad tolurnar
lenda & reitum A4:C10. Reiknid gildin sem tilsvara hlidakgidum, p.e. fylkjamargfeldi®x (par sem

x er skodad sem nx1 fylki) i dalkinn vid hlidina&fylkinu. Petta ma gera med pvi ad byrja a ad setja
inn rétta jofnu fyrir fyrsta hlidarskilyrdid til haegri vidyfstu linu i A. bar er notad dollar-merkid a
tilvisanir i x sem er i efstu linu. bannig verdur haegt ad gripa i handfaregiétil haegri i reithnum og
draga nidur til ad reikna gildin fyrir hinar linurnar.

Ad lokum parf ad setja inn sjalf gildin & b-vigrinum til haegi® reiknudu gildin 8Ax.

17



NU eru 6ll gbgn og jofnur deemisins komin inn i Excel. Eftir ér segja “solver” fra pvi, hvada reit
parf ad lagmarka eda hamarka og hvar hlidarskilyrdin erurgkyNaest er pvi ad setja “solver” af stad
(Tools-Solver).

I valmyndinni fyrir solver parf efst ad setja tilvisun i, Fdareit & ad hamarka eda lagmarka og sidan ad
tiltaka, hvort & ad finna laggildi eda hagildi.

par fyrir nedan er talid upp hvert einasta skilyrdi. Setj@ pn (med “Add”) rétta tilvisun i ad hver
reiknadur reitur parf ad vera steerri eda minni en tilsvaraildi i b.

z

Ad lokum er ytt & “Solve”.

VIDVORUN: Solver virkar yfirleitt ekki nema notadur sé punkfyrir aukastafi og ekkert (p.e. eyda,
bil) fyrir adskilnad pusunda.
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