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Vetor funtions of several variables

A vetor-valued funtion of several variables is a funtion

f : Rm → R
n

i.e. a funtion of m dimensional vetors, whih returns n dimensional

vetors.
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The gradient

Suppose the real valued funtion f : Rm → R is di�erentiable in eah

oordinate. Then the gradient of f , denoted ∇f is given by

∇f (x) =
(

∂f
∂x

1

, . . . ,

∂f
∂x

1

)
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The Jaobian

Now onsider a funtion f : Rm → R
n
. Write fi for the i th oordinate

of f , so we an write f (x) = (f
1

(x), f
2

(x), . . . , fn(x)), where x ∈ R
m
. If

eah oordinate funtion fi is di�erentiable in eah variable we an form

the Jaobian matrix of f :
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Univariate integration by substitution

If f is a ontinuous funtion and g is stritly inreasing and di�erentiable

then,

∫ g(b)

g(a)
f (x)dx =

∫ b

a

f (g(t))g ′(t)dt
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Multivariate integration by substitution

Suppose f is a ontinuous funtion f : Rn → R and g : Rn → R
n
is a

one-to-one funtion with ontinuous partial derivatives. Then if U ⊆ R
n

is a subset,

∫

g(U)
f (x)dx =

∫

U

(g(y))|J|dy

where J is the Jaobian matrix and |J| is the absolute value of it's deter-

minant.
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