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MANOVA

When we have many measurements

on the same subje
t, e.g.

1

Petal length, sepal length et
.

on plants

2

Heart rate, blood pressure et


on humans

3

Length, dorsal �n length, tail

�n width et
 on �sh

we 
an use a multivariate ANOVA

(MANOVA).

In ANOVA we are testing if means

di�er between groups but in

MANOVA we test if there is a

di�eren
e between group 
entroids.
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Advantages and disadvantages

Advantages

Controls the type I error.

More likely to observe di�eren
e between groups.

Take a

ount of 
orrelation between response variables.

Disadvantages


an be di�
ult to see what variables are important.
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One-way MANOVA

The simplest form of MANOVA is when we have one fa
tor with two or

more levels and p response variables.

The MANOVA is based on linear 
ombination of the p variables.
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Test statisti
s

Wilks

Pillai

Hotelling-Lawley

Roy
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Example - Iris

Response variables

Petal length

Petal width

Sepal length

Sepal width

Fa
tor with 3 levels

Setosa

Versi
olor

Virgini
a
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Example - Iris

We want to know if there is a signif-

i
ant di�eren
e in the spe
ies group


entroids.

Df Pillai approx F num Df den Df Pr(>F)

Spe
ies 2 1.1899 71.485 6 292 < 2.2e-16 ***

Residuals 147

---

Signif. 
odes: 0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1
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What variables are important?

It may be of interest to investigate what variables are the most important

if the null hypothesis is reje
ted.

That 
an be investigated by doing

1

Univariate ANOVA

2

Step down analysis
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Univariate ANOVA

Investigate the importan
e of ea
h variables by doing univariate ANOVAs

on ea
h varibles separately.

Note that the univariate ANOVAs do not take 
orrelation between

response variables into a

ount.
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Step-down analysis

Step 1: Variables are ordered prior to the experiment of their importan
e

to di�eren
e between groups.

Step 2: ANOVA 
arried out with the most important variable.

Step 3: ANCOVA 
arried out with the se
ond most important vari-

able as a response and the most important one as a 
ovariate.

Step 4: ANCOVA 
arried out with the third most important vari-

able as a response and the most and se
ond most important ones as a


ovariates. This is the done sequentially for all the variables
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Example - Skulls

Response variables

maximum breaths of the skul

l(mb)

basibregmati
 heights of the

skull (bh)

basialiveolar length of the skull

(bl)

nasal heights of the skull (nh)

Fa
tor epo
h with 5 levels

4000 BC

3300 BC

1850 BC

200 BC

150 AC
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Example - Skulls

The 
entroids for the �ve epo
hs
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Df Wilks approx F num Df den Df Pr(>F)

epo
h 4 0.66359 3.9009 16 434.45 7.01e-07 ***

Residuals 145

---

Signif. 
odes: 0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1

Anonymous () MANOVA, nested and other designs August 20, 2012 13 / 1



Example - Skulls

There was found to be 
hange over time in the Egyptian skulls but to see

what variables were most important an individual analysis 
an be 
arried

out.

variable F-value P-value

mb 5.95 0.0002

bh 2.45 0.0490

bl 8.31 <0.0001

nh 1.51 0.2032
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Contrasts in MANOVA

It is possible to 
ompare 
entroids between fa
tor levels.

In multiple 
omparisons the signi�
an
e level needs to be adjusted

by using Bonferroni's method. This is however a 
onservative method.
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Assumptions

Normality

Constant varian
e

Di�
ult to test in the multivariate 
ase

Che
k these assumption for ea
h variable separately.
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multi-fa
tor MANOVA

Just like in ANOVA we 
an have more than one fa
tor in MANOVA.
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MANCOVA

It is also possible to 
orre
t for some 
ontinuous variable, e.g. age, tem-

perature et
.
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MANOVA and repeated measures

MANOVA 
an also be used when we have repeated measures.

The easurement at ea
h time is then 
onsidered separate variable

and the number of the response variables will then be equal to the number

of times measurements are made.
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Example - Soils

Nine measurement of both physi
al and 
hemi
al 
hara
teristi
s of soil

were made in mi
rotopographi
 areas, 
ategorized as Top, Slope and

Depression were sampled at four di�erent depth layers (0�10, 10�30,

30�60, 69�90 
m).

The question is, is there a di�eren
e in soil 
hara
teristi
s between

areas and depths?

Df Pillai approx F num Df den Df Pr(>F)

Contour 2 1.1183 4.9323 18 70 5.929e-07 ***

Depth 3 1.6444 4.8524 27 108 1.761e-09 ***

Residuals 42

---

Signif. 
odes: 0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1
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Example - Soils

What variables are most important when it 
omes to di�eren
e in soil


hara
teristi
s between depths and 
ontour?

Results from step down analysis

Contour: K>Na>Ca>P>Condu
>Mg>N>Dens>pH

Depths: Na>Condu
>Ca>pH>P>N>Dens>K>Mg
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Nested design

In nested designs we have fa
tors

nested within other fa
tors.

We have two levels of fa
tor A

and in ea
h level of fa
tor A we

have three levels of fa
tor B, but

these levels are of fa
tor B are not

the same a
ross all levels of fa
tor

A as in a regular two-way ANOVA.

a1 a2

b1(1) b2(1) b3(1) b1(2) b2(2) b3(2)

b1 b2 b3 b3 b5 b6
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The nested model

The nested model is on the form

y

ijk

= µ
ij

+ ǫ
ijk

or

y

ijk

= µ+ α
i

+ β
j(i) + ǫ

ijk

with the restri
tions

∑

α
i

= 0 and

∑

β
j(i) = 0.

µ is the overall mean, α
i

is the e�e
t of level i in fa
tor A and

β
j

(i) is the e�e
t of level j of fa
tor B within level i of fa
tor A and ǫ
ijk

is the error as usual.
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=y

ijk

− ŷ

ijk
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:α
1

= α
2

= ... = α
i

= 0

H

1

:α
i

6= 0for all i

Is there an e�e
t of fa
tor B within fa
tor A

H

0

: β
1(1) = β

2(1) = ... = β
j(1) = ... = β

1(2) = β
2(2) = ... = β

j(2)... = βj(i) = 0

H

1

: β
j(i) 6= 0for all jwithin i
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Nested model with random e�e
ts

The fa
tors in nested designs 
an be random and it is 
ommon that the

nested fa
tor, fa
tor B is random.

y

ijk

= µ+ α
i

+ b

j(i) + ǫ
ijk

b

j(i) follos a normal distribution with mean zero and varian
e σ2
b

.
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ANOVA table for nested designs

Sour
e df SS MS F

Fa
tor A a − 1 SSA = na

∑

(ȳ
i

..− ȳ ...)2 MSA = SSA

a−1

MSA

MSE

Fa
torB(A) a(b − 1) SSB(A) = n

∑∑

(ȳ
j(i).− ȳ

i

..)2 MSB(A) = SSB A

a(b 1

MSB A

MSE

Error ab(n − 1) SSE =
∑∑∑

(y
ijk

− ȳ

j(i).)
2

MSE = SSE

ab(n−1

Total abn − 1 SSTOT =
∑∑∑

(y
ijk

− ȳ ...)2
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Test for e�e
ts of the fa
tors

To test if there are fa
tor e�e
ts a F-test is 
arried out.

F

A

= MSA

MSE

follows a F-distribution with a − 1 and ab(n − 1) de-

grees of freedom and the null hypothesis H

0

: all α
i

= 0 is reje
ted if

F

A

> F

1−α,a−1,ab(n−1).

F

B

= MSB(A)
MSE

follows a F-distribution with a(b − 1) and ab(n − 1)
degrees of freedom and the null hypothesis H

0

: all β
j(i) = 0 is reje
ted if

F

B

> F

1−α,a(b−1),ab(n−1) .
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Example
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