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1 Statisti
al tests and test fun
tions

1.1 Statisti
al hypotheses

1.1.1 Handout

A (statisti
al) hypothesis is a statement 
on
erning the parameter:

H0 : θ ∈ Θ0 vs. H1 : θ ∈ Θ \Θ0

1.2 Test fun
tions

1.2.1 Handout

A test of the hypothesis is a fun
tion

φ : Rn → {0, 1}

where X = (X1, . . . ,Xn)
′
is a random variable (and su
h that φ(X) is also a random

variable).

Let χ be the domain of X (sample spa
e) su
h that χ = R∪A and R∩A = ∅. Then we

de�ne

φ(X) =

{

1 if X ∈ R

0 if X ∈ A

meaning that we a

ept H1 if X ∈ R and a

ept (or more politi
ally 
orre
t do not reje
t)

H0 if X ∈ A (see note below on a

eptan
e of hypotheses).

We 
all R the reje
tion region or 
riti
al region and A the a

eptan
e region. Hypothesis

tests produ
e errors if they a

ept H0 when in fa
t H1 is true and vi
e versa, see dis
ussion

below in 1.4.

1.3 Levels, size and power

1.3.1 Handout

De�nition 1 The power fun
tion is the fun
tion

β(θ) := Pθ[φ(X) = 1]

= Pθ[Reje
t H0].

The size of φ is

α = sup
θ∈Θ0

β(θ)

(the greatest reje
tion probability when the null hypothesis is 
orre
t).

Remark 1.1. We may also talk in general about a level α test if the size is no greater than

α.

A typi
al �gure needs to be inserted...power 
urve

From this we 
on
lude that we never a
tually use the wording to a

ept a null hypothesis

using e.g. a 5% level test sin
e that leads to a probability of up to 95% of a wrong 
on
lusion.

Rather we use the wording that we �
an not reje
t H0�.

A se
ond 
on
lusion from the �gure is that we would generally prefer a test to satisfy

β(θ1) ≥ β(θ0) if θ0 ∈ Θ0 and θ1 ∈ Θ1
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Su
h a test is 
alled �unbiased�.

One would typi
ally try to 
hoose the sample size, n, su
h that in a test for e.g.

H0 : θ ≤ θ0 vs. H1 : θ > θ0

β(θ) ≥ β0 if θ > θ0+∆ where β0 and ∆ are predetermined. This is a typi
al 
riterion when

testing drugs (how many patients are needed to be 80% 
ertain that a 5% level test will


on
lude that the new drug is better than the old one?)

De�nition 2 φ is an unbiased test if

β(θ′) ≥ β(θ′′)

for θ′ ∈ Θ1 and θ′′ ∈ Θ0. If φ is of level α, we note in parti
ular that this implies

β(θ) ≥ α

for θ ∈ Θ1.

1.3.2 Examples

Example 1 Assume X1, . . . ,Xn ∼ n(µ, σ2), iid, σ2
known. We intend to test

H0 : µ ≤ µ0 vs. H1 : µ > µ0.

One possible test of size α for this task is

φ(x) =

{

0 x̄−µ0

σ/
√
n
≤ ζ1−α

1 x̄−µ0

σ/
√
n
> ζ1−α

The power fun
tion is

β(µ) = Pµ[Reje
t H0]

= Pµ[φ(X) = 1]

= Pµ

[
X̄ − µ0

σ/
√
n

> ζ1−α

]

= Pµ

[

X̄ > µ0 + ζ1−α
σ√
n

]

= Pµ

[
X̄ − µ

σ/
√
n

>
µ0 − µ

σ/
√
n

+ ζ1−α

]

= P

[

Z >
µ0 − µ

σ/
√
n

+ ζ1−α

]

, Z ∼ n(0, 1)

i.e.

β(µ) = 1− Φ(
µ0 − µ

σ/
√
n

+ ζ1−α)

Note that β(µ) is monotoni
ally in
reasing in µ and β(µ) ≥ β0 for µ ≥ µ + ∆ holds if

β(µ0 +∆) = β0.
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1.4 Error types

1.4.1 Handout

Remark 1.2. Consider the possible errors in hypothesis tests

A

ept Reje
t

H0 true (
orre
t) Type I error

H0 false Type II error (
orre
t)

θ ∈ Θ0 : Pθ[Type I error] = β(θ)

θ ∈ Θ1 : Pθ[Type II error] = Pθ[a

ept H0]

= Pθ[φ(X) = 0]

= 1− β(θ)

In general we want to limit β(θ) on Θ0 and we also want to limit 1− β(θ) on Θ1. Normally

a test is 
hosen to satisfy

sup
θ∈Θ0

β(θ) ≤ α (preferably = α)

upon whi
h we want to 
ompute

sup
θ∈Θ1

(1− β(θ)) = the greates probability of a

epting an in
orre
t hypothesis.
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2 Sele
tion of sample sizes

2.1 Determining a sample size based on power

2.1.1 Examples

Example 2 Assume X1, . . . ,Xn ∼ n(µ, σ2), iid, σ2
known. We intend to test

H0 : µ ≤ µ0 vs. H1 : µ > µ0

and will sele
t a sample size, n, su
h that

Pµ[Reje
t H0] ≥ β0 ef µ ≥ µ+∆.

One possible test of size α for this task is

φ(x) =

{

0 x̄−µ0

σ/
√
n
≤ ζ1−α

1 x̄−µ0

σ/
√
n
> ζ1−α

The power fun
tion is

β(µ) = Pµ[Reje
t H0]

= Pµ[φ(X) = 1]

= Pµ

[
X̄ − µ0

σ/
√
n

> ζ1−α

]

= Pµ

[

X̄ > µ0 + ζ1−α
σ√
n

]

= Pµ

[
X̄ − µ

σ/
√
n

>
µ0 − µ

σ/
√
n

+ ζ1−α

]

= P

[

Z >
µ0 − µ

σ/
√
n

+ ζ1−α

]

, Z ∼ n(0, 1)

i.e.

β(µ) = 1− Φ(
µ0 − µ

σ/
√
n

+ ζ1−α)

Note that β(µ) is monotoni
ally in
reasing in µ and β(µ) ≥ β0 for µ ≥ µ + ∆ holds if

β(µ0 +∆) = β0. We thus sele
t n to obtain β(µ0 +∆) = β0, i.e.

1− Φ

(
µ0 − (µ0 +∆)

σ/
√
n

+ ζ1−α

)

= β0

⇒ Φ

(

ζ1−α − ∆

σ/
√
n

)

= 1− β0

⇒ ζ1−α − ∆

σ/
√
n
= Φ−1(1− β0)

⇒ ζ1−α − ∆

σ/
√
n
= ζ1−β0

⇒ ζ1−α − ζ1−β0 =
∆

σ

√
n

⇒ n =

(

σ
ζ1−α − ζ1−β0

∆

)2
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3 The likelihood ratio test

3.1 Likelihood ratio tests

3.1.1 Handout

Likelihood ratio test (LRT)

Consider the test fun
tion

φ(x) = 1 if λ(x) ≤ c
where λ is the likelihood ratio

λ(x) :=
supθ∈Θ0

Lx(θ)

supθ∈Θ Lx(θ)

i.e. the ratio of the maximum possible likelihood value under the null to the maximum

possible likelihood value over the entire spa
e

Note that we have c = 1 ⇒ φ ≡ 1 so the value of c is always 
hosen with c < 1.
Note also from earlier se
tions that if T is a su�
ient statisti
 for θ, then the LRT 
an

be based on the distribution of T (all 
omponents of L 
ontaining θ are only 
omponents of

L through T ).

3.1.2 Examples

Example 3 Assume X1, . . . ,Xn ∼ n(µ, σ2), iid, σ2
known. We intend to test

H0 : µ ≤ µ0 vs. H1 : µ > µ0

and will sele
t a sample size, n, su
h that

Pµ[Reje
t H0] ≥ β0 if µ ≥ µ+∆.

The LRT of size α for this task is

φ(x) =

{

0 x−µ0

σ/
√
n
≤ ζ1−α

1 x−µ0

σ/
√
n
> ζ1−α

3.2 Monotone likelihood ratio
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4 UMP tests

4.1 UMP tests

4.1.1 Handout

De�nition 3 Let C be a 
olle
tion of tests. φ is the uniformly most powerful (UMP) test

in C if

βφ(θ) ≥ βφ′(θ)

for all θ ∈ Θ1 and φ′ ∈ C.

Remark 4.1. C is never the 
olle
tion of all tests sin
e we do not want φ = 1 uniformly.

Theorem 4.1 (Neyman-Pearson Lemma) Let X1, . . . ,Xn be random variables with

joint density fθ where θ ∈ Θ = {θ0, θ1}.
Consider testing

H0 : θ = θ0 vs. H1 : θ = θ1

(simple vs. simple) Let

φ(x) =

{

0 fθ1(x) < kfθ0(x)

1 fθ1(x) > kfθ0(x)
(1)

with the reje
tion region

Rφ = {x : fθ1(x) > kfθ0(x)}
and k > 0 be su
h that

α = Pθ0 [X ∈ Rφ] (2)

then the test φ is UMP at level α. Furthermore, if a test, φ, of this type, with k > 0, of
level α, exists, then one must have for any test φ̃ that if P [φ̃(X) = 1] ≤ α and φ̃ is UMP

within that 
ategory that φ̃ = φ (outside a set of measure zero), i.e.

P [φ(X) = φ̃(X)] = 1

for θ = θ0, θ1.

Proof. �⇒� Note that φ as de�ned with (1) and (2) is automati
ally a level α test and we

need to show that it is φ a UMP test among those. Let β be the power fun
tion of φ and φ′

be another test also of level α (3), with power fun
tion β′
. Then 0 ≤ φ′(x) ≤ 1 and

φ(x) = 1 if fθ1(x) > kfθ0(x)

φ(x) = 0 if fθ1(x) < kfθ0(x)

and we obtain

[φ(x)− φ′(x)][fθ1(x)− kfθ0(x)] =

{

[1− φ′(x)][fθ1(x)− kfθ0(x)] ≥ 0 fθ1(x) > kfθ0(x)

[0− φ′(x)][fθ1(x)− kfθ0(x)] ≥ 0 fθ1(x) < kfθ0(x)

so this quantity is always ≥ 0, for all x and thus

0 ≤
∫

[φ(x− φ′(x)][fθ1(x) − kfθ0(x)]dx

= β(θ1)− β′(θ1)− k( β(θ0)
︸ ︷︷ ︸

=α, from(2)

− β′(θ0)
︸ ︷︷ ︸

≤α,from (3)

︸ ︷︷ ︸

≥0

)
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i.e. β(θ1) ≥ β′(θ1) so φ is UMP. Note that in the above we obtain �=� be
ause

∫

φ(x)fθ1(x)dx = Eθ1 [φ(x)] = Pθ1 [φ(x) = 1] = β(θ1)

Homework: Find and read the rest of the proof.

Note that this test reje
ts if the value of the density fun
tion at θ1 is si�
iently greater

than at θ0 and therefore it is quite related to the LRT but not quite the same.

Also noti
e how the density fun
tion/likelihood keeps 
ropping up in di�erent situations

from estimation to hypothesis testing. In this 
ase by simply knowing the density fun
tion

we 
an �nd the uniformly most powerful test by using the approa
h of the N-P lemma.

Corrollary 4.1 If T is a su�
ient statisti
 then the UMP test of the N-P lemma 
an be

based on T (and the density of T ).

Example 4 Let X1, ..,Xn ∼ n(µ, σ2) be i.i.d. with known σ2
. Suppose we want to test

H0 : µ = µ0 vs. H1 : µ = µ1

where µ1 < µ0.

In this 
ase we know that X̄ =: T is a su�
ient statisti
 for µ and we thus look at the


ondition

gµ1(t) > kgµ0(t)

where gµi is the density of T . We know that

T ∼ n(µ,
σ2

n
)

and

gµi(t) =
1√

nπ σ√
n

e
− (t−µi)

2

2σ2/n

so that

gµ1(t) > kgµ0(t)

if and only if

−(t− µ1)
2

2σ2/n
> −(t− µ0)

2

2σ2/n
+ c

whi
h holds if and only if

(t− µ1)
2 < (t− µ0)

2 + d

and this is equivalent to

t < e

where k, c, d, e are some 
onstants.

For this test to be of level α we need to de�ne whi
h out
ome of T = X̄ 
ause reje
ton

in su
h a way that the appropriate probability holds, i.e. we reje
t when

x̄ < µ0 − ζ1−α
σ√
n

︸ ︷︷ ︸

e

.
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Next note that when we want to test

H0 : µ = µ0 vs. H1 : µ < µ0

then we know that the test

φ(~x) =

{

0 x̄ ≥ µ0 − ζ1−α
σ√
n

1 x̄ < µ0 − ζ1−α
σ√
n

is UMP for every µ1 within H1.

Also note that to test

H0 : µ ≥ µ0 vs. H1 : µ < µ0

then a test of the form φ = 1 if x̄ < e is UMP, but the only 
hoi
e of e whi
h results in a

α-size test is
e = µ0 − ζ1−α

σ√
n

Also re
all that if any other test is as good as this one, then we have

φ̃(X) = φ(X) a.s.

De�nition 4 A family {gθ}θ∈Θ of univariate densities with Θ ⊂ R has a monotone like-

lihood ration [MLR℄ if the mapping

t 7→ gθ2(t)

gθ1(t)

is a monotoni
 fun
tion in t when θ2 > θ1, on the set {t : gθ1(t) > 0 or gθ2(t) > 0} =
suppgθ1 ∪ suppgθ2 .

Theorem 4.2 (Karlin-Rubin) Consider testing H0 : θ ≤ θ0 vs. H1 : θ > θ0 using a

su�
ient statisti
s T with a MLR. For ea
h t0 the test

φ(t) :=

{

1 t > t0
0 t ≤ t0

is UMP test of level α := Pθ0 [T > t0].

Note that for the Poisson distribution we have

gθ1(t)

gθ2(t)
=

e−θ1 θt1
t!

e−θ2 θt2
t!

= eθ2−θ1

(
θ1
θ2

)t

whi
h is monotoni
 in t.

Example 5 Suppose we have a random sample from a normal distribution with a known

varian
e, where we want to test H0 : µ = µ0 vs. H1 : µ 6= µ0

11



Consider the following tests:

φ1(~x) = 1 i� |x̄− µ0| > ζ1−α
2

σ√
n

φ2(~x) = 1 i� x̄ > µ0 + ζ1−α
σ√
n

φ3(~x) = 1 i� x̄ < µ0 − ζ1−α
σ√
n

The 
orresponding power fun
tions are

β3(µ) = Pµ[φ3(X) = 1] = Pµ

[

X < µ0 − ζ1−α
σ√
n

]

= Pµ

[
X − µ

σ/
√
n

<
µ0 − µ

σ/
√
n

− ζ1−α

]

= Φ

(
µ0 − µ

σ/
√
n

− ζ1−α

)

β1(µ) = Pµ[φ1(X) = 1] = Pµ

[

|X̄ − µ0| > ζ1−α
2

σ√
n

]

= Pµ

[

X̄ − µ0 > ζ1−α
2

σ√
n

]

+ Pµ

[

X̄ − µ0 < ζ1−α
2

σ√
n

]

= Pµ

[
X̄ − µ

σ/
√
n

>
µ0 − µ

σ/
√
n

+ ζ1−α
2

]

+ Pµ

[
X̄ − µ

σ/
√
n

<
µ0 − µ

σ/
√
n

− ζ1−α
2

]

= 1− Φ

(
µ0 − µ

σ/
√
n

+ ζ1−α
2

)

+Φ

(
µ0 − µ

σ/
√
n

− ζ1−α
2

)

→
→
→

1 µ → ∞
α µ → µ0

1 µ → −∞
.

β1(µ
′

) ≥ β(µ
′′

) if µ
′′

is in H1 and µ
′

is in H0, so φ1 is unbiased.

Remark 4.2.
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5 p-values

5.1 The p-value

Suppose φ is a test fun
tion for θ ∈ Θ0 su
h that φ(x) = 1 i� W (x) ≥ c.
De�ne the fun
tion

p(x) := sup
θ∈Θ0

Pθ [W (X) ≥ W (x)] .

The p-value of the test is the random variable p(X).
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