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1 The linear model

1.1 Simple linear regression

Consider the model
Vi =B1+Bax +&

used to describe the relationship between pairs of nunigess), i = 1,...,n.
We commonly assume that the errors are GaussiarN(0,02) and independent.

We can write this in matrix form

y=Xp+e
with
Y1 1 x €1
. B1 "
: B2
yn 1 Xn €n

1.2 Ordinary least squares (OLS)

Ordinary least squares (OLS). We can estinfatg, by minimizing

n

;m—¢ﬁﬁm»2

by B1,B2. The resaults, obtained by setting derivatives to zero are

5, 20— —7)
¥ (% —X)?
Br=y—BoX
1.3 Normal distribution
The normal (Gaussian) p.d.fis given by
_ 1 (t—p?
f(t) = oo exp(— 552 )

and a random variabl€ with this distribution is denoted by ~ n(w,6?). If Y1,...,Yy ~ n(y,0?) are
independent then the joint density is the product of theviddial p.d.f's

1 10
Bfm%75%mﬁ;wm—§;;m—m5

For fixed datayy, . .., yn, this can be viewed as a function of the parameters denged?) wherelL is
termed the likelihood function.

1.4 Maximum likelihood estimation (MLESs) for SLR

The likelihood for the SLR moddd based on realizing that here

yi ~ n(B1 + B2xi,0?)



and these are independent so (ignofijg

L(B) = L(B1.Bo) = exp(~ 505 3 04~ (Br-+Bx))?)

Lt
(2',-[) n/20-n

The MLE of (B1,B2) = B is the value wich maximizds(p) overp, or equivalently minimizes-In(L(B))
overf. This is numerically equivalent to OLS and the solution s game.

1.5 Multiple linear regression ((general) linear model)

When we have several explanatory variabdgand a variablg to be predicted the linear model becomes

Vi =PB1Xi1+BoXi2+ -+ BpXip+& i=1,....n
or
y=XB+e.

The OLS solution . o

min|ly — XBlI2= min . X ))2

! lly — Xl g Bpi;(yl JZl(BJ i)
is A

B=(X'X)"Xly.

1.6 Multivariate normal distribution

Supposes, ..., Z, are independent Gaussian with mean zero and varianceZgne,Z, ~ n(0,1) iid)
so their joint density is

no1 1
f(&) = iEl EEXP(—E?/Z) = Wexp(—(l/Z)ETE)

Let A be an invertiblen x n matrix andu €™ and define¥ = AZ + . Recall from calculus that i is a
1-1 functiong :"—-"

[ t@de = [ taw)iiay
wherel is the Jacobian of the transformation
J_’dE _ ag(y)’

dy| | ay

and the integrals are over corresponding regions. It faltiat the joint pdf ofY is h with h(y) =

f(a(y)J]-
Some linear algebra gives

) = o g 0Ty )

whereZ = AAT. This describes the mutivariate normal distributior n(p, ).

1.7 Distribution of the MLE

Distribution of the MLE
B~ n(B,(X'X) 'a?)



|1 2 ..

Y11 Y21 - Via
Y12 Y22 .. W2
YLnl YZ7n2 s YI7n|
1.8 Testing hypothesis
lly—=XBII* >
T ~ Xn—p

and is independent cﬁf(if X'is og full rank) so we can use t-tests to telgt: 3j = g, etc.

2 Analysis of variance in the one-way layout

2.1 The one-way layout

Yi,j = HHaj+gj

Consider measurements of response of a grouping variaa(j
Vij=H+ai+g; j=1...,n i=1..1

wherey; j is the j'th measurement within levelof the grouping factor ang j ~ n(0, a?).

2.2 Partitioning the SS

Partitioning the SS without any model we can look at the tegah of squares
I n )
SSTOT=3 3 (i —Y)
22

wherey =2 31_; 37, yij andn=y_; .
Consider first the obvious estimatgs =
expected valueg+ a;.

Similarly, y.. is an obious estimate @f(at least ifn; = J for all i).
Consider the equality

ﬁli M yij of the expected values of eaghy, which have

Yij =Y. = (i — Y- ) + (Yij — Vi)
and note that

I n | Lo
e\ 2 — VoY 2 — = 2
5 30050 S0 S 5 )
—
SSTOT SSE

which holds because the products sum to zero. Here, SSE ignéiwplained or residual variation
explained by the model.
Under the normality assumption, SSA and SSE are indepeadént

SSA  , SSE ,

o2 ~X o2



Source| df SS MS F
Model | 1 -1 SSA= Z ln.()T. —y.)? 23p VP
Error | n—1  SSE=5l_ 121 l(y.J yi)2  =F

Total [ n—1 SSTOT=3| ;5" ,(yij —¥-)?

Note that for fixed:
ZJ 1(y|J yl ) 2
o K
and these sums are independent and the total has

df:lzi(ni—l):n—l

Asloyi,...,y. are independent so SSR is like a SS for | independentr.v.s.

Under
H0=G1=...=(X|

the F statistic- = MSA/MSE has an F-distribution with I-1 and n-1 df.

2.3 The analysis of variance in the one-way-layout

Source| df SS MS F
Model [T-1 — SSA>Iun(y—v )’  EF W&
Error | n—1  SSE=yl_ 121 i —vi)2 o =
Total | n—1 SSTOT= Z_lZJ:l(VIJ y.)?
underHop : 01 = a2 = ... = q; the F-statistidc = MSA/MSE has a F-distribution with — 1 andn — |

df.

3 Factorsin the linear model

3.1 A matrix version of the one-way layout

The basic model for a one-way layout is

Yij = KU+ i+ &jj

wherej=1,...nandi=1,...,1

or
yij = HM1+E€j J:=1,~~~,n1
Yoi =He+e&; j=1..m
Vij =um+eE; j=1..n

i = K+ a; in the earlier notation.

In a matrix form this can be written as



i Y11 T 1 0 ... 017
Y12 1 0 ... 0
Yin, 10 ..0
Y21 o1 ... 0
Y22 o1 ... 0 M1
. .o . H2
. = . Lo . + €
y2n2 0 1 0 :
: : : . : H
Yi1 0O 0 ... 1
Yi2 0O 0 ... 1
L Yin | L0 0 ... 1]

ory=Xp+¢

Note that in the mode}ij = u+ a; + &, the X matrix would have a first column of all the 1s’ and
B=wog,az....a

3.2 OLS estimates

Note that
ny 0 0
X .x =|9 M
L .
Ixn nxl 0
I><VI 0 0 n
and
221:1)/1]
X'y — ijzl)/Zj
z?lzl)/Ij
SO
n .
1/m zﬁz:lylj.
B=(x'%)" Xy = 2=
1/I’]| :
Zlelylj
)Zl‘
~ Yo.
=>p=1.
Y.

is the OLS estimate, and the MLE in this model

y~ N(XBaO-ZI)



3.3 Indicator variables

When a linear model has a factor as in
Vij = U+ A + &jj.

This model can always be rewritten in matrix form by usingator varibles, as in the above example.
Formally we can defing-variables which are 0 and 1 as needed.

3.4 Estimability

The original model formulation:

Yij = U+ i 1+ &jj
The correspondinX-matrix would be
1 1 0 01

11 0 - 0
11 0 - 0
1 01 0
1 01 0
1 01 0
1 00 1
1 00 1
100 --- --- 1

- = nx(14+1)

and hererank(X) =1 so X’X does not have an inverse and some restrictions are needstinate
K dg,...,0. Common restrictions include

a;1=0
o =0

Zai =0
Zniai =0

4  Analysis of variance: Implementation examples

4.1 An ANOVA model

Example:



x f y
1 1 1 79.00
2 2 1 129.00
3 3 1 164.00
4 4 1 194.00
5 1 2 113.00
6 2 2 139.00
7 3 2 204.00
8 4 2 250.00

First modely; = p+ aj + & whereaqi; is the effort of the factorf, at leveli. We can test the hypothesis
of no factor effect

Ho: ai1=...=q (1)

using the one-way anova :

source df SS MS F

Between groupg |-1 SSA=7S!_ ni(yi -y )? MSA =22 W32

Within groups | n-1 SSE=y3|_; 37 (yij —¥%)? MSE = 25F

Total N-1 SSTOT=3i ;57 ,(%ij —V.)?
and we rejecHp if F > F_1n—11-q.

f SYii | Vi SO —Y)? [ ni(yi—y.)?

1 79 129 164 194 566| 141.5| 7325 1225

2 113 139 204 250 706| 176.5| 11597 1225

1272 18922 2450

and the resulting ANOVA table is:

Df SumSq MeanSq Fvalue PBff)
f 1 2450.00 2450.00 0.78 0.4120
Residuals 6 18922.00 3153.67

F* = F16095 = 5.99 soF < F* and we cannot rejedtly. Note that we havet=y = 159,04, =

yi—y.=175anda> =y, —y. =175

e Matrix version 1 :

1 0
- 1 0 / AV 1415
X = 0 1 :>(XX) Xy_[1765] @)
. O 1 -
e Matrix version 2 : _ _
1 1
111 r—1yr, | 1765
X=11 o|=&x Xy—[ _35] 3
- 1 O -

Note that SSE- ||y — Xf3||2 in all formulations.
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4.2  Aregression model

We can tesHp : B2 in the modely; = 31 + B2X; + & using a t-test or an F-test from a appropiate anova
table.

Example: same data

We fit using OLS to obtain

A= 20 =X —Y)
> (% = %)
Br=y—Box
and set
SSE= |ly—XB|[?
=3 (% — (Ba+Baxi)?
where
1 x¢
1 X%
X= :
1 X.n
and A
B Fl} — (X'X) Xy
B2
(Method 2)
Method 3

>summary (lm(y~x))

also gives the t-test. The anova table is obtained with

>anova(lm(y~x))

Table 1: Anova table

Source df SS MS F
Regression p-1=1 SSR=SSTOT-SSE
Error| n—p=n-2 SSE
Total n—-1 SSTOT

and we can tedtlp : B =0 by rejecting ifF > F* =Fin_21-q

By =52

B, =428
SSE= 30536
MSE = 50893

11



4.3 The general F test

If model R is a restricted version of a full model then we caedith one to obtain SSE(R) and SSE(F)
and use an F-test to test weather R fits significantly worsefha
SSHR)-SSEF)
F._ _dfR-diF)_
" SSHF)/df(F)

Reject ifF > Fx.

4.4  The likelihood ratio test (LRT)

Under very general conditiorf$ogL (8¢ ) —logL(Br)} ~ xZ when8g andb are from a fit of a reduced
and full model, respectively anglis the difference in the number of free parameters. Heig the
likelihood, which is maximized to obtain parameter estiesat

4.5 Type 1vs Type 2 errors SS

The dropl() command evalates the effect of dropping ind@iderms from a model - evaluates the
marginal effects (like summary for regression).
The anova() command evaluates the effect of inserting thesten sequence.

5 The one way layout with random effects

5.1 The model

Yij = L+ i +&jj
ai ~n(0,0%), &j ~n(0,6%) independent
1<j<m, 1<i<|

Note the changes from the fixed-effect version here

Elyij] = u
Varlyj] = 0} +0’
Covyij,yry] = 0 if i#i
Covyij,yij] = Cov(ai,ai) =04
and
2
p = corr(yij,Yij’)Zﬁ

Ex. Typically, the factor A and index correspond to a randomlgsted subset of possible factor levels.

5.2 The ANOVA in the one-way-layout

Note that the partitioning ofi; —y.. = (Yi. —Y..) + (¥ij — ¥i.) is still of interest. Assume; =J. If we
look aty.., we see thay. = P+ o + €. andy.. = l+ 0 + €. SO

Vi — VY. = (0 — i) + (& —€.)

12



andy;. are independent with
Evi] =
Varlyi.] = oa+—, i=1.,l
and thus we havg. ~ n(y, 0% + 02/J) =

Si(Vi—¥.)?  FiJ(%-y.)?  SSR 2
Xi—1

03+ 02/J Jo2+02  Ji2+a?
Aslo note that _ _
Yij =i = (M40 +&ij) — (U+ 0 + &) = &j —&i.

(is like a deviation based ag;) butejj ~ n(0, 02) iid so for fixed i

S —&)?
0?2 ~X

and therefore
SSE_ 3y (& —&)
02 02
We can also show that SSE and SSR are independent, so

~ X|2<371)

EJ(W*Y-)Z/“ —1)

252
Joz+o

= o )2
ZZ()’; Yi) /13-1)

~F_ 110
and

- _ SSR(-1)

=T " if Hy:02=0i .
SSEI(J—l)I o:04 =0istrue

* We can use the same ANOVA table.

5.3 Matrix formulation

i Y11 T 1 1 0 ... 07
Y12 110 ... 0
Yin, 110..0
Y21 1 0 1 0 u
Y22 101 0| o
: =1 o 02 | +¢
: S Y
Yi1 1 0 0 ... 1
Yi2 1 0 0 ... 1
L Yin, L1 0 0 ... 1]

13



or

[ y11 ] M1 1 0 . 0]
Y12 1 1 0 0
y1n1 1 1 O O
Y21 1 0 1 0
Y22 1 0 1 0 a1
. . . az
: =|: M= : +e
y2n2 1 O 1 O .
. . . o
Vi1 1 00 1
Yi2 1 0 0 1
L YIn. i L 1 i L 0 0 1 i
or
y=XB+Zu+¢

Wheref3 contains the fixed effect parameters ancbntains the random effects.

5.4 The ANOVA approach

Starting with the anova table

Source df

SS MS F

Betweengroup |l —1  SSA=J3y (i —v.)? 2f'=MSA N3F
Within grougl (J—1) SSE= 75 5 (Vij — ¥i.)? % = MSE

Total 13 -1 SSTOT=73 5 (¥ij - y..)2

From the above we know that

E[MSH
E[MSA

from with we obtain unbiased estimators

5.5 Variance components

03%,02 are the variance components
p intra-class correlation
The anova estimates are "natural”, but

a) Do not extend easily

b) 0% can be negative

= Joa+ 02

MSE
MSA — MSE

J
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6 Estimation and prediction in the Imm

6.1 REML background

Recall that in the linear modef,~ n(XB,0?l), we can write
Iy —XBI[? =XB—XBI >+ ||y — XB| *( show this)
and hence the pdf/likelihood is

— XBl|2
erp( Y 2XBIE,)

||xrs—xfs||2).
202

Hy—XﬂF)
202

(2"-[) n/20-n

7(2]_[) b/2gP exp(—

g P

e Maximizing overp givesp = B
o XB~n(XB,(X'’X)1a?)

~ al12
e The estimate o6 from here is02 = %

6.2 The model

We take as a baseline model
y=XB+Zu+¢

with

¢ ~ n(0,0°R)
u ~ n(0,0°G)

2
usuallyo?R = 02I and sometimes?G = o3l (i.e. G = 31I).

In particular
u _n((© 0’G 0
3 0)'\ 0 o°R

6.3 Best linear unbiased prediction

Best linear unbiased prediction, Henderseh953) looked at the joint density gfandu and suggested
maximizing this to estimate an predict
The joint density is obtained from

(ﬁ) _ (XB+Zu+s>
= (%) (5 1)
o((8)(2 1)

15



so fg(y,u) = ... see 4.1 in Robinson (http://hi.is/ gunnar/kennsla/Imisifieon91. pdf)
Maximizing fg(y,u) over3 andu leeds to the estimating equations:

X'RIXB+X'R 1za=XRly
ZRIXB+ (ZR1z+G Hu=2R1y

If R,G are unknown.

6.4 The likelihood

The likelihood is based only on the pdfyfWe knowy is Gaussian and we can easily derive

Elyl = XB
Varly] Var[Zu] + Varlg]
0%°2GZ +¢°R

SO
y ~n(XB,0%(ZGZ +R))

From this we can find the MLE fdB as
B=[X(R+2GZ) X" X'(R+2GZ) 1y

Note that if we set
U= ... see Robinson 1991, p.19

then( E ) solves the estimation equation.

7 Immwith R

8 variations??2-way layout??
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