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1 The development of a year-class

1.1 Background to the stock and catch equations

Index
CAapLwrOION

We will derive an equation to describe how
specified cohort develops across time.

N

4 6 8 10
Age

Development of a cod cohort, as seen by the
number of cod caught in groundfish surveys |in
Icelandic waters. Average on log-scale acrgss
several years.

1.1.1 Details

If recruitment in a stock is variable and if the species iggHined, it is necessary to in-
vestigate how year-classes in the stock develop. It is nougimto view the stock as an
entity or to view the stock by length classes. In fact sucbrimiation can be highly mislea-
ding if no consideration is given to changes in year-clagngth and the age composition.
In this section the development of a year- class in numbets\eight will be considered.

It should be fairly clear that the age composition of catcied the number of fish by age
groups per towing mile gives considerable information dlotxanges in stock size.

The remainder of this section is devoted to deriving an egnathich describes how the
number of individuals in a yearclass may change across time.

Note 1.1. An equation which follows a cohort across time and descrtheschanges in
population size is referred to as a stock equation.

The most common methods to estimate stock size are based asshmption that within a
specific time period there is constant fishing pressure anstant natural mortality. From
its birth, a specific year-class can only decrease in numdn@iswith constant pressure
each fish in the year-class will have a constant probabifigeath from fishing or natural
causes during a short period of time. It is convenient toktleiinthe full time period under
consideration as one year, and the tintieerefore is in the interval from zero to one. It can
then be expected that the proportional decrease of a spge#ieclass is even throughout
the year.

1.1.2 Examples

Example 1.1. The figure above shows the number of fish as an index by age gno
groundfish survey in the Icelandic economic zone. The codeéslas an example hdre
and it is clear that the number of fish decreases as a fundtiageo This is natural sin
itis quite obvious that unless there is considerable imatign into the area the fish must
get fewer as they get older. In the graph, a logarithmic ssalsed on the y-axis. The
remainder of the section clarifies why this is a natural choic




1.2 Symbols

Notation Numbers at year start and end, respectivelg,N;
Number at specified time; N;

Short time interval{ts, t)

Length of interval:At

Change in stock size during intervaiN

1.2.1 Details

Definition 1.1. Notation for stock and catch equations

N: = Number of fish in a year-class at timewvheret is0<t <1
No=Number of fish at the start of the year

N1=Number of fish at the end of the year

time interval
At=Change in time betwedn andt,
AN=Change in stock size betwegrandt,

(t1,t2)=Time interval such that is the start of the time interval angis the end of th¢

1.2.2 Examples

Example 1.2. The following table lists the averages from indices of diéf® year-
classes for cod from 1985-1993:

Age 2 3 4 5 6 7 8 9 10 Ave 5-10
Index | 904.0 659.2 370.8 1219 57.0 163 54 30 [.2

Log| 6.81 649 592 480 404 279 169 1.09 0j21

Diff. 032 058 111 0.76 1.25 1.10 059 0.88 0.95

The conclusion that might be drawn from this is that the totattality of cod had bee
about 0.6-1.2 during the period in question. As will be irdex later, there are, howeVi

and whether a sensible average is being estimated. Thentea®ong other things,
have a distorting effect on the overall picture. There is alsmigration from Greenlan

during this period. Therefore, the composition of the yadasses needs to be conside
in addition to the age composition.

reasons for checking thoroughly whether the summationsesfd compilations are valjd

that two strong year-classes appear in some of these nurbbert all of them antj

)
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1.3 Yearclass development during short time interval

Proportion which dies during a time interval =Probabilifyfish dying

AN
== 7t
N




1.3.1 Details

A natural assumption about the change in the number of fiskc@iart is that the numbers
should be reduced proportionately, i.e. each fish shoule same probability of dying
(due to fishing or natural causes) and the overall effect erydarclass would be that the
fraction which dies is fixed.

Further, it is also natural to assume that if the time inteiwahort enough, the fraction
which dies should be proportional to the time interval. @gly this assumption can not
be true if the time interval is long, but for time intervalooshenough it should hold.

In summary, therefore, the proportional change in numbers short time periodt |,
should be in proportion to the length of the time period.

Definition 1.2. Proportional change in population size

AN
— =7t
N )

whereZ is some number. The change is negative since the yearclaésiisishing in
numbers.

1.4 The differential equation

Differential equation:
dN

— =_7N
dt

1.4.1 Details

When the previous equation is rewritten and the time intesivartened (formally, we let
At — 0), this leads immediately to a simple differential equatio

dN _
dat
Even without any knowledge of differential equations, ibghl be noted that the logic
behind this equation implies that if a short time intervairesponds to halving of the num-

bers, then twice this time interval will lead to a further 5@8duction and so on. Hence the
reduction in numbers will be 1/2 to the power of the numberaistime intervals.

—ZN

Since this is true for any short time interval, it also becerokear that the solution to this
differential equation must be some sort of power functiotirime, i.e. of the forma' for
some numbea.

Although the form of the solution is intuitively obvious,rfoal derivation is required to
obtain the correct functional form. This is done using welbwn methods of calculus but
will not be detailed further here.



1.5 The stock equation

Development of a yearclass

Solution to differential equation: \

Describes numbers at tinteas compared to initial
numbers. ‘

—

1.5.1 Details

The solution to the previous differential equation is thpanential growth function where
the size of the year-class at timéwithin a year) decreases as an exponential function of
time, from the stock size in the beginning (of the year).

Definition 1.3. Single-year stock equation
Ne = e *'No

whereZ is the total mortality rate ane? is the survival rate

Although it is most common to consider changes within a y&és,is not a requirement. In
particular it is quite feasible to consider shorter timemals such as monthly time steps.
However, it is not advisable to assume that the stock equadiovalid for many years.
Thus, the stock equation is most commonly used to connegteaiclass numbers at the
beginning of the year (t=0) and the end of the year (t=1).

1.5.2 Examples

Example 1.3. The figure above indicates the development of a yearcla$sAnit 0.5,
from initial numbers oN = 1000 in the beginning of the first year.

The form of the curve is typical for stock-reduction curvistably, wherZ is large, the
decline in numbers is quite quick from the initial size to igible values.

It must be recalled, however, that the decline in numberslig @ part of the story, singe
the individuals grow and the biomass trend is thus somewiffateht from the trend ir
numbers.

The figure can be generated using R using the following code:

http://tutor-web.net/fish/fish5102stockcatch/lect@siock-equation.r




1.6 Development of stock

Nat1y+1 = e % Nay

1.6.1 Details
The basic equation is only valid for a single year-class aedefore the equation needs to
be modified in such a fashion that the age groups and the yeaessily identified.

Naturally the number of fish at the end of the year is the santleeasumber of fish in the
same cohort (year-class) at the beginning of the followieary

Definition 1.4. Stock equation notation
Nay=Number of fish of aga in the sea at the begining of yeaN,_ 1y 1=Number of fish
at the end of the year, i.e. beginning of the following year

Definition 1.5. Across-year stock equation

—Z
Nar1yr1 =€ “Nayy.

1.7 Mortalities work in sequence

Suppos&Z = F +M...

N; = e_ZNo = e_(F+M)N0 = e_F_MNo = e‘Fe_MNo

1.7.1 Details

Definition 1.6. Mortality equation:
Z=F+M

F=Fishing mortality
M=Natural mortality

It should be noted that the different mortalities, as setene jwork naturally in sequence.
Thus, the same final yearclass size results whether natundiity is applied before or
after fishing mortality.

This is a consequence of writing the initial mortality presas a differential equation, rat-
her than applying discrete proportional mortalities asaisramon method when computing
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interest rates.

The mortality resulting from repeated applications of undiial mortalities becomes a
direct sum of the individual mortalities.

In particular, if the total mortalityZ, can be written as a sum of two mortaliti@s= F + M
then

N1 = eﬁZNo = ef(FJrM)No = eﬁF*MNo = e*Fe*MNo

and hence it is irrelevant which mortality is applied firsthe toutcome in terms of the
number of survivors is the same.

1.7.2 Examples

Example 1.4. Suppose we start with 1000 fish and kill 50% each year, respiti the
following development of a yearclass:

1 1000
2 500
3 250
4 125
5 63

Of course this is done by simply multiplying by 0.5 at eaclystaNote thae %693 = 0.5
so this corresponds to using a total mortality rat& ef 0.693.

Reduction from 1000 at 1 to 250 at 3 is 75%, i.e. by 0.5*0.550I12must be noted tht
the effect is of course not additive (since a doubling of 5@#uction would then be
zero).

But if we use Z=0.693 twice wite~ 593 = 0.5 then the reduction corresponds to the gum
0.693+0.693=1.386 where the mortality rates simply addeup§®3 = 0.5 ande 1386 —
0.75).

1.8 Rates and proportions...

Logarithms or not —

1-e9%2-018

Rates and proportions
Mortality rate = 0.2 means 18% die...
Note that Z can be greater than 1!

1.8.1 Details

There is a considerable difference in the interpretatiormoftality rates and survival
proportion or proportions which die.



Definition 1.7. Survival proportion:

Proportion of deaths:
1-e 4

The proportion which survives the yeareés?. The mortality rate itself can be arbitrarily
large (i.e.Z can be greater than 1). However,Ascreases, the fraction which survives,

e4, goes to zero and the fraction which dies; & 4, goes to one.

1.8.2 Examples

the yearclass dies during a year. In particular, assumiag#tural mortality rate to
M = 0.2 and no fishing takes place, then 18% die due to natural cpesgear.

If the mortality rate is 0.8, thee %8 = 0.449, so 44.9% of the yearclass survive
year, i.e. 55.1% die.

Finally, if Z = 1.2, thene™% = 0.301 s0 69.9% die.

increases, the difference becomes greater (this can asseineby considering the Tayl
series expansion for the exponential function).

Thus, for low mortality rates, the rate and fraction which dre similar, but as the raLe

Example 1.5. Since 1— e %2 = 0.18, a total mortality rate of 0.2 means that 18°€iaof

the

r

1.9 Mortality as log-change

INNat1y+1 = INNay — Zgy

1.9.1 Details

It should be noted, that on a logarithmic scale there is a @t relationship between

the mortality rate and the changes in stock size:

|n Na+]_7y+l — |n Nay - Zay.

Thus, the mortality rate simply denotes the reduction ingtoek size on a logarithmic
scale. This will become very useful later, when it will bersé®at this equation can be used
to estimate mortality rates using simple techniques, ifs@amples on age composition

are available, either from surveys or catches.
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1.10 Development of yearclass biomass

Development of saithe yearclass

Given the stock equation and data on weight and
mortality, it is easy to predict the development of
biomass.

Notice the maximum biomass at age 8. This would
be the harvest if a single cohort was raised in
aquaculture.

1.10.1 Details

It is of interest to take a specific year-class and investipaiv its biomass develops as
the year-class grows older. Such an analysis gives an inaticaf rational utilization of
the year-class. Such computations are very simple whenbiheaesults are utilized. If,
for example, the year-class contains 1000 individualsebtitset, then it will decrease in
numbers according to the equation:

Na+l — eﬁZaNa.

If there are no catches from the year-class, then the miyrtalefficientZ, simply denotes
natural mortality and is usually writteM,. Given the weight at age;, this can be used to
obtain biomass by age.

Definition 1.8. Yearclass biomass equatian
B — NO X Wa

1.10.2 Examples

Example 1.6. The table below contains the mean weight of Icelandic sgkbgby age
group. It is assumed that natural mortality is M=0.2 and 810 individuals enter the
stock as 3 year old fish.

http://tutor-web.net/fish/fish5102stockcatch/lect@eklandic-saithe.dat

Given this, one can compute how many fish survive to the fatigwear and thus
estimate is obtained of how many fish from this year-claskbeilalive at each momeft
in time. Those counts can then be multiplied by the mean weighge to obtain th
biomass at age. The following figure shows how that biomaasgés in total as t
individuals grow older.

In this way it is simple to test several different assumpiom natural mortality anE
mean weights at age in order to investigate whether cormigsn utilization change
a great extent as the assumptions are modified.

The R code to generate the figure is given below:
http://tutor-web.net/fish/fish5102stockcatch/lect@/saithe-stock-equation.r
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2 Catch curve analysis.

2.1 Introduction
2.1.1 Detalls

This chapter will deal with the estimation of the mortalitiyfish in the sea, based on in-
formation on the age-composition of the catches.

Obviously using age-composition to estimate mortalityiy@ very rough approximation.
This is especially true for species such as cod which chamgjeliehavior after maturity.
Similarly, cod have experienced considerable changesinftehing effort through out the
North Atlantic. As a result of their behavioral changes amel alteration to their fishing
effort the year-class strength is highly variable and tlastsimating mortality from this
data is not always reliable. However, it is still worth whilerifying what this method can
indicate concerning the mortality of the stock.

2.2 1-Cod catch in nos at age

1983 1984 1985 1986 1987
36 6.8 6.5 206 11.0
109 316 246 203 621
243 194 354 266 27.2
189 153 183 308 151
17.4 8.1 8.7 114 157
8.4 7.3 4.2 4.4 4.2
A diagonal line in the above table represents a yearclass.

O~NO Ol b~ W

2.2.1 Details

If death rates are stable for a few years it is possible tonegé total mortality almost
without any assumptions on natural mortality, since it igally possible to assume that
mortality does not change after a certain age. These asgmapgbgether mean that fis-
hing and natural mortality are constant in time for certaid€r) age groups. Care must be
exercised before these methods are used, as will be iledtlater.

For simplicity we only consider those age groups where thetafity can be taken to
be constant and thus we can simplify the equations, fishingatity and total mortality
respectively, by writing~ = Fay andZ = Zy.

Definition 2.1. Basic catch-curve equation

F _
Coy = z(l—e %)Nay

Given a basic catch by age and year equation, i.e. basic-catek equation, the catch for
a particular year-class in the next yegr{(1) is given by:

F _
Carry+1= 2(1 — € 9 Nay1y+1

12



F N
Catiy+1= 2(1— e %)e “Nay

Now, if the equations for the yeaysandy+ 1 are compared, it is seen that the only diff-
erence in the two right hand sidessis?.

Definition 2.2. Catch-curve equation fory+ 1:

—Z
Carryr1=¢€ “Cqy

2.3 Catch curve analysis (A) Start with some catch curves

e Catches in numbers at age for several cohorts of cod in Idiglamaters. Each curve
represents catches from a single cohort.

2.3.1 Detalils

For constant death rates, the catch equation for the faligwear for a specific year-class
can be written in the log-scale.

Definition 2.3. Log-transformed Catch-curve equation fory+ 1:

|nCa+]_7y+1 S |nCa7y - Z

This means that the fixed death rate can be estimated usifigededeath rate equation.

Definition 2.4. Fixed death rate equation

Z — |nCa’y - |nCa+]_7y+l

2.3.2 Examples

13



Example 2.1. Taking the year-classes of cod from 1974 to 1978, the catdgatinl
numbers can be summarized as follows:

http://tutor-web.net/fish/fish5102stockcatch/lect@vedtch-at-age-cod.dat

Example R code:
http://tutor-web.net/fish/fish5102stockcatch/lect@vedtch-at-age-cod.r

2.4 Catch curve analysis (I-cod) (B) Log-scale (yearclass&4-78)

Cateh of cohorts, in numbers

e Catches in numbers at age on log-scale for several indivadirerts of cod in Icelandic
waters.

2.4.1 Details

It has been stated previously that more information can &irvdd from catches at age by
log-transforming the data. Using the logarithmic scale ntiee effort is fixed allows the
numbers to reduce in a linear fashion.

2.4.2 Examples

Example 2.2. Taking again the yearclasses of cod in Icelandic waters, loige
transformed number become:
http://tutor-web.net/fish/fish5102stockcatch/lect@v&®R catch-at-age-cod.dat

Example R code:

matplot (ages,mat,type=’1’,1ty=1:5,col=1:5,1wd=2,x1lab="Age",
ylab="Millions",main="Catch of cohorts, in numbers",log="y")
legend(10,20,74:78,1ty=1:5,co0l=1:5,1wd=2)

14



2.5 Catch curve analysis (C) Z-by age : In(N1)-In(NO)

Age

Differences on log-scale of catches in numbers at age farakeohorts of cod in
Icelandic waters. Note the erratic behaviour of the diffiess.

2.5.1 Detalils

The difference in the log-catch from one year to the nextgae indication of the total
mortality. However, the noise in the data makes it difficoltobtain annuak values, as
tempting as it may be.

2.5.2 Examples

Example 2.3. The following table gives such an overview for cod in Icelendaters:
http://tutor-web.net/fish/fish5102stockcatch/lectivezatch-at-age-cod.dat

It therefore appears that the total mortality was 0.8-1rltle oldest fish when thege
year-classes were 9-14 years old, i.e. during the periaod 1884-1992. It is clear that
the youngest fish are not completely included in the fishdgesuse total mortality an
not be lower than zero.

It is simplest to investigate the coherence of this analpsssfew simple plots. First, t

catch curves are plotted to investigate where they resesifalight lines on a logarithm
scale. Catch curves of this type are common and they arelysussdd to investiga
deviations from assumptions or simply whether the logarittf a catch in numbe
drops roughly linearly.

The curves seem to be fairly close to straight lines afteutége eight. Therefore the
is computed and plotted by age groups after the age of eight.

These curves appear at first sight to be reasonable and talan a common mean. Jit
is clear, however, that there is considerable variatiom@estimate of for fish at age
11 or more, which makes sense since there are few fish of teatzaght. An estimate @f
Z could therefore be based on 8-10 year old fish, which givas average of about 1.D.
These analyses have been based on year-classes 19741@ @& @fore thig¥ applies
to the oldest fish during the time period 1982-1988. Theeetbe fishing mortality maI

have been about 0.8 for the oldest fish during the years 1988:-1As has already beén
indicated, an increase in fishing effort will lead to an uredé@mate of total mortality.

Example R code:
http://tutor-web.net/fish/fish5102stockcatch/lect@eadtch-at-age-cod.r/
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2.6

Catch curve analysis log axis...

Catch of cohorts

waters. The age range is restricted to ages which corregpantinear drop in log-numbers.

e Catches in numbers at age on log-scale for several indivadirerts of cod in Icelandic

2.6.1 Details

Conducting a catch curve analysis on the log axis is usuahedyy going through the
following steps:

1.
2.

A specific year-class is selected.

The number of landed fish from this year-cla€gy, is plotted against age.

. The corresponding plot is done on a logarithmic scale,In€;y is plotted against

age.

. Zis computed for each age group and plotted against age.

. Visual inspection is used to verify at which agdas become stable and only older

fish is considered in what follows.

. A regression is performed for older fish ofQg, againsta, The slope from this

regression gives an estimatehf

It is checked, whether deviations exist from a lineartreteship. Such deviations
would be an indication of, for example, a change in the selegiattern. This can
be investigated, for example, by plotting the deviationsrfithe line against age.

WARNING: (1) If fish change their behavior at maturation ivery likely that this method
will not work until after the fish has reached 100% maturiB). If effort steadily increases
over the time period this method will result in pure and uttensense. In fact, an increase
in effort would result in a bigger catch in the following yaaan would be obtained with
a stable effort. This leads to the result that an estimaté will be lower (the decrease
in catches is not as great) and thus an increasing effors leadn underestimate of the
mortality rate with this method. (3) The method is sometimesd on an average (in
logarithms) of some years or year-classes. In this casejamare must be taken not to
include a differential number of ages from year-classeskare very strong or very weak,
for example if a strong year-class is only included for thet fiwo youngest ages then this
may clearly give misleading results.
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2.6.2 Examples

Example 2.4. When considering a selection of ages, it appears that thedtn from 3
number of cohorts of cod in Icelandic waters drops linearighvage. The drop by ade
appears not only linear, but to have the same slope for deaggagroups. In this casefit
is justified to take the average of the log-catch across therts.

Example R code:
http://tutor-web.net/fish/fish5102stockcatch/lectdvésy-catch-at-age-cod.r

2.7 Catch curve analysis (D) Z estimated as 1.04

Average catches in numbers at age on log-scale for sevelgidnal cohorts of cod in
Icelandic waters. The age range is restricted to ages whbickspond to a linear drop in log-numbers and an averageedbtyed
numbers is computed across the cohorts.

2.7.1 Details

If there is an age range where the log-catches appear todae,limhen viewed as a function
of age, then this can be used as data in a linear regressioabliaf log-catch is regressed
on age, the negative of the resulting slope is an estimatgalfrhortality,Z, i.e the slope=-
Z.

2.7.2 Examples

Example 2.5. To complete this example a line needs to be placed throughelhg
groups. This is done in the figure. The points in the figure heeaverages of t
log-catch for the year-classes in question. Itis cleartti@points are almost exactly of§ a
straightline. The line is drawn by using ordinary linearresgion which gives an estimga-
ted slope of -1.04, which again corresponds to a total mtytgtimate of Z=1.04. Fro
this it is clear that when the average of a few year-classasad, considerably smodt-
her curves are obtained than when individual curves arederesl as in previous figur

This is clearly a very inaccurate method of estimation sihcan only be used to vie
the average of many years and year-classes. The time péri@82-1988 is a long o
and there is little question that the mortality coefficieasthanged during this peri
The above computations do, however, give a potential toigeothe starting values f@r
further and more precise stock estimates. In order to iryegst whether changes halve
occurred during the period it is possible to use the dataenfitfure above to plot t

17



average value for each year.

Example R code:
http://tutor-web.net/fish/fish5102stockcatch/lectvele-z-cod.r

2.8 Catch curve analysis

To compute average of log-catch by year-class the followingt be met:
e Mortality must not increase by age
e Effort must not increase by time

e Averaging needs to be carefully implemented

e Catch needs to be proportional to stock size

2.8.1 Examples

Example 2.6. In the cod example, when more detailed analysis is appliegpears
that the total mortality reduced to some extent during theryeafter 1983, but thenja
considerable increase appears to have a occurred in 1988efdhe, it seems clear thiat
there is a potential for misleading results by computingraglsi mortality rate for th
whole time period.

2.9 I-cod, Yearclasses 1960-92.

450 +

400 +

350 +

300 +
Millj. 250 +
fiska 200 +
150

100

50 4

0

60 62 64 66 68 70 72 74 76 78 80 82 84 86 88 90 92
Argangar

2.9.1 Details

Although it is interesting to be able to estimate total midstathis is not going to be
enough since it does not give information about stock sizgrocture. In particular there
is no information about year-class size, which in most sfasla primary driving force in
the population dynamics.

Note that the catch-curves alone does NOT give informatlmyutiabsolute biomass or
absolute numbers, but we need recruitment to estimate gield

18



3 Natural mortality

3.1 The natural mortality rate

Fishing mortality and natural mortality need to
untangled.

The equation for total mortality can be written s
that fishing and natural mortality are separate but
ked:

Zay - Fay + May .
N . Sources
of natural mortality include predation, disease etg.

3.1.1 Details

There are considerable difficulties in estimating naturattality. In the worst cases this
can be based completely on guesswork and at best it is pessibbtain an estimate with
a high variance. For this reason it is necessary to test feeteif this coefficient in terms
of advice given on the utilization of the stock and in termdhef stock estimate. Thus,
the effect of a considerably incorrelt on advice is often tested, but within a reasona-
ble framework. In such cases, the tests are based on redsdingits which include the
restriction tha is not inconsistent with available data.

In some cases it is possible to look at time periods undé bit no fishing. Here one can
use the total mortality as an estimate of natural mortality.

Note 3.1. In general, we would define natural and fishing mortalitiea @&composition
of the total mortality which we can estimate from the slopeatth curves.

3.1.2 Examples

Example 3.1. If natural mortality is 0.1 and there is no fishing from thecétathen the
stock is reduced through the year to the fraction

e %1 _-0.90

of the original size, or to 90% of the size at the beginninghaf year. Thus a specifjc
year-class gets reduced by about 10% per year and in 10 yegts reduced to

e 100l _e1-037

or to 37% of the original size. Thus, there is still a consadde proportion left of a big
year-class at the age of 10 yeardvifis 0.1. If, on the other handJ is 0.2, then ther
are 14% left in 10 years andM is 0.3, there are only 5% alive in 10 years time. TTse
considerations put some bounds on what values of M are "naa$s'for a specific stock.

14

It should be noted that although usually a fixed natural nigrteoefficient is used, thig
does not mean that anyone considers such an assumption tcebsamable one nor s
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this an essential prerequisite for the computation to dieecbrrect picture. For example,
it is well known that if natural mortality is variable abouirae mean then a fairly godd
approximation is obtained by using this mean in place of titvidual annual valu
(Ulitang, 1976). Thus, a summation of the forM s 0.2"is roughly equivalent to sayirg
"M is on average close to 0.2".

3.2 On natural mortality, M

“ 4

e o s

RSN . NS,

3.2.1 Details

Natural mortality is of course an important component of ynassessments and the pop-
ulation dynamics of a stock may depend heavily on naturatatity.

The figure above gives one approach to estimating naturakafitgr— simply rewrite 0.?
often enough that it changes to 0.2.Although it may be cldithat this approach has been
used in some situations, it is usually possible to do a ladter.

3.3 Moreon M

[ 400 - 5 o0
4 mynd. Samhengi6 milll heildardinartste og stkoar nnar 1 fslenka porskstofainn & &runum 18301984 Z vs effort

3.3.1 Details

The above plot shows how natural mortality has been estaratglotting total mortality
(obtained from a catch curve analysis) on the y-axis and fanteheasure on the x-axis.
The figures effort measure could be the number of boat-dalmedays etc. The intercept
of the line with the y-axis provides an estimate of naturattaldy.
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When applicable, this type of figure provides the potenbade¢parate the total mortality
into that due to fishing and that due to natural causes. It misioted, however, that the
natural mortality estimated in this fashion is only a loegat average across the years (and
ages) in question. Whether this is useful or not will dependh® species under consi-
deration.

It should also be noted that when a species has been heaglbyitexi for a long time, the
effort data on the x-axis will only be available as high valaad no data will exist close
to the origin on the x-axes. It follows that any estimate o thtercept will be highly

uncertain andM is therefore a fairly poor estimate.

3.4 Additivity of mortalities
3.4.1 Details

Definition 3.1. Notation for natural death: Dy

An equation can be derived to describe number of naturahddst proceeding in the same
way as was done for the catch equation. Begin by assuminghbatatural mortality in
numbers during a short time period is proportional to thelstize and the time interval.

Definition 3.2. Proportionality constant for natural moral ity notation: My

Given the natural death and proportionality constant faura mortality, an equation can
be written to describe the number of deaths from "naturalea.

Definition 3.3. Natural death equation

M _
Day = 52 (1-& %)Ney

Note that it has not been assumed that Miss related to the earlier definition of natural
mortality. From this equation it is clear that the fish that during the year add up to

Cay + Day

If the equations which describe these quantities are addgedtter, the following is obtained:

Fa — Ma _
Coy-+Day = (1= 25Ny + 32 (1 )Ny
_ Fayg;i\//'ay (1— e*zay) Nay
= (1—e %Ny
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where the final result is true if and onlyaf= F + M, i.e. if theM-value here has the same

meaning as before. This is in accordance with the survivababilities and the proba-
bilities of dying which were derived above.

A fish which is alive at the beginning of this year will eithex baught, die due to natural

causes, or survive the year. Now these equations can be addedrder to check whether
the system of the equations is internally consistent:

Cay + Day +Nat1y+1 = (1— € %)Nay + Nar1y11
— (1 - e_Zay) Nay + e_ZayNay — Nay

The various equations thus seem to match: The right handrsitates the number of fish

available at the beginning of the year but the left hand ssde summary of the possible
fate of the individual fish.

3.5 Effects of different mortality rates
3.5.1 Examples

Example 3.2. The effect of the different mortality types is illustratedthe foIIowingI
table.

Total mortality 0.20 0.40 0.60 0.80 1.00 1.20
Natural mortality 0.20 0.20 0.20 0.20 0.20 0.20
Fishing mortality 0.00 0.20 0.40 0.60 0.80 1.00

Proportion surviving 0.82 0.67 055 0.45 0.37 0.30
Proportion killed 0.18 0.33 0.45 055 0.63 0.70
Natural deaths 0.18 0.16 0.15 0.14 0.13 0.12
Proportion caught 0.00 0.16 0.30 0.41 0.51 0.58
Natural deaths 0.18 0.16 0.15 0.14 0.13 0.12

4 Stock and catch equations

4.1 Deriving the catch equation

‘ Need to derive an equation describing the catch in numbeesdation to stock size.

4.1.1 Details

As before, we start by considering only a single cohort anetldg@ing a model to describe
how this year-class is fished. The figure shows how fishingssfiam a typical year-class
of Icelandic cod at the age of 3 and the catch in numbers iseseiom the cohort until a

maximum is attained. After this there is a steady decreasanmbers from this year-class
in the catches.
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4.2 Development of catch from a cohort

v

Constant fishing intensity within a year or during short titnéerval needs to be
assumed to determine the amount of catch from a cohort.

Catch in proportion to stock and length of timestep:

AC = FNAt

4.2.1 Details

Assume that the fishing intensity is constant within the yeBnen the catch from the
cohort during a short period should be proportional to tleelssize and the length of the
time period.

Definition 4.1. Proportional change in catch equation
AC = FNAt,

F= some number

4.3 Development of catch from a cohort

As before this leads to a simple differential equation:

dC

— =FN=Fe 4N
dt 0
where the previous results concerning the development ¢dck svithin a year have

been used.

4.3.1 Details

As before this leads to a simple differential equation:
dc _
dt

Recall from the previous results concerning the developroka stock within a year that

the stock equation links the numbels(or N;), at timet to the numbers at the beginning
of the yearNp via

FN.

N = e %Np.

This equation can be substituted into the equation desgthie catches to obtain a descripti-
on of the change in catches per unit time.

Definition 4.2. Change in catches per unit time equation

dc

— — Fe 4N.
dt 0
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Although the earlier descriptions of stock developmentded differential equation which
needed to be solved, the catch description is much simpiee ghe stock equation has
already been solved. Thus, this is now an equation which Hialdyadefined function on
the right-hand side, and this function can simply be integt#ao obtain the catch.

4.4 Deriving the catch equation

Integrating gives the annual catch in numbers from that toho

1
F
c= /Fe‘ZtNodt — (- )N
0

4.4.1 Details

By integrating the equation for the derivative of the cas;teeformula is obtained for the
total catch in numbers from that cohort in a single year.

Definition 4.3. Total cohort catch in a year equation

1
F
c— /Fe*ZtNodt — —(1-e )N
0

This result will form a cornerstone for all methods whicHimé information on the catches
in numbers obtained from individual cohorts.

4.5 The catch equation

The catch equation:

F
C - z (1 - eﬁZ)No Froportion that diss

F
C = E(l — e B)Ap

Propertion which gels caught

45.1 Details

The catch equation is an extremely important concept andad in most modern assess-
ment methods.

It should be noted that the catch equat®r- ;(1— e %)Np can be read in terms of the
survival fraction, fraction which dies and fraction haregsof fraction which dies.
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Recall thate=2Ng is the number which survives the year and thereforeis the fraction
which survives. It follows that the fraction which dies chgithe year i$1—e~%). Finally,
the ratio% is that fraction of those who die which gets caught.

The form of this equation does not indicate the possibilitgeveral age groups and years.

Rather, the equation describes how a single age group geghitcduring a single year.
Thus, it is customary to omit any subscripts since they ateeeded.

4.6 Change in yearclass size during a year

N; = e 4Ny

4.6.1 Details

Definition 4.4. Equation for annual change in population sie:
Ny =e %Ny

F=fishing mortality rate
Z=total mortality rate

Remember that the catch is a fraction (F/Z) of what dies.

The fishing mortality rate is a measure of what proportionhaf stock is killed due to
fishing, but the mortality rate itself is not a proportion azah be greater than 1. These
coefficients are variable from year to year due to changefart.e

The coefficients are also variable by age. Firstly, the fglyear does not catch all age
groups equally. For example, the smallest fish will escapautfh the mesh and further,
shoaling behavior during spawning may have the effect tiatdrgest fish can be either
more or less catchable than the average size fish.

It is therefore necessary to work with an entire table of fighmortality ratesz,y.

4.7 The catch equation for many age groups and years

Catch equation for many yearclasses

Fay

(1— & %)Nay

4.7.1 Details

During any given year there will be many cohorts in the cagctgeveral years will also
be considered at the same time and therefore the notationbmextended to indicate the
different years and ages.
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Definition 4.5. Catch equation for many year classes

F _
Coy = Z—z(l— € )Ny

Fay = fishing mortality (rate)

The natural mortality (rate) is defined Muy = Zay — Fay, and hence the total mortality is
the sum of the other tWiay = Fay + May.

The following is a discussion of these mortality coefficgeand their relationship in explain-
ing survival probabilities and overall mortality.

Natural mortality coefficients

When estimating a stock size it is usually assumed that alatuortality (May) is known.
Thus, it is assumed that information on the maximum age @itagesults, acoustic sur-
veys or predation is used to estimate this coefficient. Iy yeung fish are taken into the
stock estimate or if considerable spawning mortality exiss necessary to havd,y vary
by age. For stock such as capelin it is desirable to have thi@dents also vary in time.

When the catch is mostly based on larger fish, or where thditlésor no variation in
predation from year to year and mortality due to spawningtonsiderable, it is usually
assumed that one natural mortality coefficient is valid ibage groups and years. The
labeling of years and ages is usually omitted and the natooaiality coefficients simply
denoted byM.
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