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Ve
tor fun
tions of several variables

A ve
tor-valued fun
tion of several variables is a fun
tion

f : Rm → R
n

i.e. a fun
tion of m dimensional ve
tors, whi
h returns n dimensional

ve
tors.
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The gradient

Suppose the real valued fun
tion f : Rm → R is di�erentiable in ea
h


oordinate. Then the gradient of f , denoted ∇f is given by

∇f (x) =
(

∂f
∂x

1

, . . . ,

∂f
∂x

1

)

.
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The Ja
obian

Now 
onsider a fun
tion f : Rm → R
n
. Write fi for the i th 
oordinate

of f , so we 
an write f (x) = (f
1

(x), f
2

(x), . . . , fn(x)), where x ∈ R
m
. If

ea
h 
oordinate fun
tion fi is di�erentiable in ea
h variable we 
an form

the Ja
obian matrix of f :






∇f
1

.

.

.

∇fn






.
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Univariate integration by substitution

If f is a 
ontinuous fun
tion and g is stri
tly in
reasing and di�erentiable

then,

∫ g(b)

g(a)
f (x)dx =

∫ b

a

f (g(t))g ′(t)dt
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Multivariate integration by substitution

Suppose f is a 
ontinuous fun
tion f : Rn → R and g : Rn → R
n
is a

one-to-one fun
tion with 
ontinuous partial derivatives. Then if U ⊆ R
n

is a subset,

∫

g(U)
f (x)dx =

∫

U

(g(y))|J|dy

where J is the Ja
obian matrix and |J| is the absolute value of it's deter-

minant.

J =

∣

∣

∣

∣

∣

∣

∣







∂g
1

∂y
1

∂g
1

∂y
2

· · · ∂g
1

∂yn
.

.

.

.

.

. · · ·
.

.

.

∂gn
∂y

1

∂gn
∂y

2

· · · ∂gn
∂yn







∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣







∇g
1

.

.

.

∇gn
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∣

∣

∣
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