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1 Vectors and Matrix Operations

1.1 Numbers, vectors, matrices

Recall that the set of real numbers isR and that a vector ,v ∈ R
n is just an n-tuple of

numbers.

Similarly, annxmmatrix is just a table of numbers, with n rows and m columns andwe
can write

Amn∈ R
mn

Note that a vector is normally considered equivalent to an×1 matrix i.e. we view these
as column vectors.

1.1.1 Examples

Example 1.1. In R, a vector can be generated with:

X<- 3:6

X

[1℄ 3 4 5 6

A matrix can be generated in R as follows,

matrix(X)

[,1℄

[1,℄ 3

[2,℄ 4

[3,℄ 5

[4,℄ 6

Note 1.1.We note that R distinguishes between vector and matrices.

1.2 Elementary Operations

We can define multiplication of a real numberk and a vectorv= (v1, . . . ,vn) by k · v=
(kv1, . . . ,kvn). The sum of two vectors inRn, v= (v1, . . . ,vn) andu= (u1, . . . ,un) as the
vectorv+u = (v1+u1, . . . ,vn+un). We can define multiplication of a number and a
matrix and the sum of two matrices (of the same sizes) similarly.

1.2.1 Examples

Example 1.2. A <- matrix(
(1,2,3,4), nr=2, n
=2)

A

[,1℄ [,2℄

[1,℄ 1 3

[2,℄ 2 4
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B <- matrix(
(1,0,2,1), nr=2, n
=2)

B

[,1℄ [,2℄

[1,℄ 1 2

[2,℄ 0 1

A+B

[,1℄ [,2℄

[1,℄ 2 5

[2,℄ 2 5

1.3 The tranpose of a matrix

In R, matrices may be constructed using the "matrix"function and the transpose ofA, A′,
may be obtained in R by using the "t"function:
A<-matrix(1:6, nrow=3)

t(A)

1.3.1 Details

If A is ann×m matrix with elementai j in row i and columnj, thenA′ or AT is them×n
matrix with elementai j in row j and columni.

1.3.2 Examples

Example 1.3. Consider a vector in R

x<-1:4

x

[1℄ 1 2 3 4

t(x)

[,1℄ [,2℄ [,3℄ [,4℄

[1,℄ 1 2 3 4

matrix(x)

[,1℄

[1,℄ 1

[2,℄ 2

[3,℄ 3

[4,℄ 4

t(matrix(x))

[,1℄ [,2℄ [,3℄ [,4℄

[1,℄ 1 2 3 4

Note 1.2.Note that the first solution gives a 1×n matrix and the second solution gives a
n×1 matrix.
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1.4 Matrix multiplication

Matrices A and B can be multiplied together if A is
ann×pmatrix and B is anp×mmatrix. The general
elementci j of n×m; C= AB is found by pairing the
ith row of C with thejth column of B, and computing
the sum of products of the paired terms.

1.4.1 Details

Matrices A and B can be multiplied together if A is an× p matrix and B is ap×mmatrix.
Given the general elementci j of nxmmatrix,C = AB is found by pairing theith row of C
with the jth column of B, and computing the sum of products of the paired terms.

1.4.2 Examples

Example 1.4. Matrices in R

A<-matrix(
(1,3,5,2,4,6),3,2)

A

[,1℄ [,2℄

[1,℄ 1 2

[2,℄ 3 4

[3,℄ 5 6

B<-matrix(1,1,2,3)2,2)

B<-matrix(
(1,1,2,3),2,2)

B

[,1℄ [,2℄

[1,℄ 1 2

[2,℄ 1 3

A%*%B

[,1℄ [,2℄

[1,℄ 3 8

[2,℄ 7 18

[3,℄ 11 28

6



1.5 More on matrix multiplication

Let A, B, andC bem×n, n× l , andl × p matrices, respectively. Then we have

(AB)C= A(BC).

In general, matrix multiplication is not commutative, thatis AB 6= BA.
We also have

(AB)′ = B′A′
.

In particular,(Av)′(Av) = v′A′Av, whenv is an×1 column vector.

More obvious are the rules

1. A+(B+C) = (A+B)+C

2. k(A+B)=kA+kB

3. A(B+C)=AB+AC,

wherek∈ R and when the dimensions of the matrices fit.

1.6 Linear equations

1.6.1 Details

Detail:
General linear equations can be written in the formAx= b.

1.6.2 Examples

Example 1.5. The set of equations

2x+3y= 4
3x+y= 2

can be written in matrix formulation as

ñ

2 3
3 1

ôñ

x
y

ô

=

ñ

4
2

ô

i.e. Ax= b for an appropriate choice of ofA,x andb
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1.7 The unit matrix

Then x n matrix

I =















1 0 . . . 0

0 1 0
...

... 0
... 0

0 . . . 0 1















is the identity matrix. This is because if a matrixA is n x n thenAI = A andIA = A

1.8 The inverse of a matrix

If A is ann×n matrix andB is a matrix such that

BA= AB= I

ThenB is said to be the inverse ofA, written

B= A−1

Note that ifA is ann×n matrix for which an inverse exists, then the equationAx= b
can be solved and the solution isx= A−1b.

1.8.1 Examples

Example 1.6. If matrix A is:
ñ

2 3
3 1

ô

thenA−1 is:
[−1

4
3
4

3
4

1
2

]

2 Some notes on matrices and linear operators

2.1 The matrix as a linear operator

Let A be anm×n matrix, the function

TA : Rn → R
m
,TA(x) = Ax,

is linear, that is

TA(ax+by) = aTA(x)+bTA(y)

if x,y∈ R
n anda,b∈ R.
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2.1.1 Examples

Example 2.1. If A=
î

1 2
ó

thenTA(x) = x+2y wherex=
Äx

y

ä

∈ R
2

Example 2.2. If A=
ñ

0 1
1 0

ô

thenTA
Äx

y

ä

=
ñ

y
x

ô

Example 2.3. If A=
ñ

0 2 3
1 0 1

ô

thenTA

Ö

x
y
z

è

=
ñ

2y+3z
x+z

ô

Example 2.4. If T
Äx

y

ä

=
Ç

x+y
2x−3y

å

thenT(x) = Ax if we set A =
ñ

1 1
2 −3

ô

2.2 Inner products and norms

Assumingx andy are vectors, then we define their inner product by

x·y= x1y1+x2y2+ · · ·+xnyn

wherex=

Ü

x1
...

xn

ê

andy=

Ü

y1
...

yn

ê

2.2.1 Details

If x, y∈ R
n are arbitrary (column) vectors, then we define their inner product by

x·y= x1y1+x2y2+ · · ·+xnyn

wherex=

Ü

x1
...

xn

ê

andy=

Ü

y1
...

yn

ê

.

Note 2.1.Note that we can also viewx andy asn×1 matrices and we see thatx·y= x′y.

Definition 2.1. The normal length of a vector is defined by‖x‖2 = x · x. It may also be
expressed as‖x‖=

»

x2
1+x2

2+ · · ·+x2
n.

It is easy to see that for vectorsa,b andc we have(a+b) ·c= a ·c+b ·c anda ·b= b ·a.
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2.2.2 Examples

Two vectorsx andy are said to be orthogonal ifx·y= 0

Example 2.5. If x=
Ç

3
4

å

andy=
Ç

2
1

å

, then

x·y= 3 ·2+4 ·1= 10,

and

‖x‖2 = 32+42 = 25,

so

‖x‖= 5

2.3 Orthogonal vectors

Two vectorsx andy are said to be orthogonal ifx·y= 0 denotedx⊥ y

2.3.1 Details

Definition 2.2. Two vectorsx andy are said to beorthogonal if x·y= 0 denotedx⊥ y

If a,b∈ R
n then

‖a+b‖2 = a ·a+2a ·b+b ·b
so

‖a+b‖2 = ‖a‖2+‖b‖2+2ab.

Note 2.2.Note that ifa⊥ b then‖a+b‖2 = ‖a‖2+‖b‖2, which is Pythagoras’ theorem in
n dimensions.

2.4 Linear combinations of i.i.d. random variables

SupposeX1, ....,Xn are i.i.d. random variables and have meanµ1, ....,µn and varianceσ2

then the expected value ofY of the linear combination is

Y =
∑

aiXi

and ifa1, ....,an are real constants then the mean is:

µY =
∑

aiµi

and the variance is:

σ2 =
∑

a2
i σ2

i
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2.4.1 Examples

Example 2.6. Consider two i.i.d. random variables,Y1,Y2 and a specific linear comb-
ination of the two,W =Y1+3Y2.

We first obtain

E[W] = E[Y1+3Y2] = E[Y1]+3E[Y2] = 2+3 ·2= 2+6= 8.

Similarly, we can first use independence to obtain

V[W] =V[Y1+3Y2] =V[Y1]+V[3Y2]

and then (recall thatV[aY] = a2V[Y])

V[Y1]+V[3Y2] =V[Y1]+32V[Y2] = 12+32 = 1(4)+9(4) = 40

Normally, we just write this up in a simple sequence

V[W] =V[Y1+3Y2] =V[Y1]+32V[Y2] = 12+32 = 1(4)+9(4) = 40

2.5 Covariance between linear combinations of i.i.d randomvariables

SupposeY1, . . . ,Yn are i.i.d., each with meanµ and varianceσ2 anda,b∈ R
n. Writing

Y =

Ü

Y1
...

Yn

ê

, consider the linear combinationa′Y andb′Y.

2.5.1 Details

The covarience between random variablesU andW is defined by

Cov(U,W) = E[(U −µu)(W−µw)]

where
µu = E[U ],µw = E[W]

Now, letU = a′Y =
∑

Yiai andW = b′Y =
∑

Yibi , whereY1, . . . ,Yn are i.i.d. with meanµ
and varianceσ2, then we get

Cov(U,W) = E[(a′Y−Σaµ)(b
′Y−Σbµ)]

= E[(ΣaiYi −Σaiµ)(Σb jYj −Σb jµ)]

and after some tedious (but basic) calculations we obtain

Cov(U,W) = σ2a ·b

2.5.2 Examples
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Example 2.7. If Y1 andY2 are i.i.d., then

Cov(Y1+Y2,Y1−Y2) =Cov((1,1)
Ç

Y1

Y2

å

,(1,−1)
Ç

Y1

Y2

å

)

= (1,1)
Ç

1
−1

å

σ2

= 0

and in general,Cov(a′Y,b′Y) = 0 if a⊥b andY1, . . . ,Yn are independent.

2.6 Random vectors

Y = (Y1, . . . ,Yn) is a random vector ifY1, . . . ,Yn are random variables.

2.6.1 Details

Definition 2.3. If EYi = µi then we typically write

E(Y) =

Ü

µ1
...

µn

ê

= µ

If Cov(Yi ,Yj) = σi j andV[Yi ] = σii = σ2
i , then we define the matrix

Σ = (σi j )

containing the variances and covariances. We call this matrix the covariance matrix of
Y, typically denotedV[Y] = Σ or Cov[Y] = Σ.

2.6.2 Examples

Example 2.8. If Yi , . . . ,Yn are i.i.d.,EYi = µ, VYi = σ2, a,b∈ R
n andU = a′Y, W = b′Y,

and T=
ñ

U
W

ô

then

ET=
ñ

Σaiµ
Σbiµ

ô

VT= Σ = σ2
ñ

Σa2
i Σaibi

Σaibi Σb2
i

ô

Example 2.9. If Y is a random vector with meanµ and variance-covariance matrixΣ,
then
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E[a′Y] = a′µ

and

V[a′Y] = a′Σa.

2.7 Transforming random vectors

Suppose

Y =

Ü

Y1
...

Yn

ê

is a random vector withEY = µ andVY = Σ where the variance-covariance matrix

Σ = σ2I

2.7.1 Details

Note that ifY1, . . . ,Yn are independent with common varianceσ2 then

Σ =



















σ2
1 σ12 σ13 . . . σ1n

σ21 σ2
2 σ23 . . . σ2n

σ31 σ32 σ2
3 . . . σ3n

...
...

...
. . .

...
σn1 σn2 σn3 . . . σ2

n



















=























σ2
1 0 . . . . . . 0

0 σ2
2

. . . 0
...

...
.. . σ2

3
. . .

...
... 0

... ... 0
0 . . . . . . 0 σ2

n























= σ2





















1 0 . . . . . . 0

0 1
... 0

...
...

.. . 1
...

...
... 0

... ... 0
0 . . . . . . 0 1





















= σ2I

If A is anm x n matrix, then

E[AY] = Aµ

and
V[AY] = AΣA′
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3 Ranks and determinants

3.1 The rank of a matrix

The rank of annxp matrix, A, is the largest number of columns ofA, which are not
linearly dependent (i.e. the number of linearly independent columns).

3.1.1 Details

Vectorsa1,a2, . . . ,an are said to be linearly dependent if the constantk1, . . . ,kn exists and
are not all zero, such that

k1a1+k2a2+ . . .+knan = 0

Note that if such constants exist, then we can write one of thea’s as a linear combination
of the rest, e.g. ifk1 6= 0 then

a1 = c1 =−k2

k1
a2− . . .− k2

k1
an

It can be shown that the rank ofA is the same as the rank ofA′ i.e. the maximum number
of linearly independent rows ofA.

Note 3.1.Note that if rank(A) = p, then the columns are linearly independent.

3.1.2 Examples

Example 3.1. If

A=

ñ

1 0
0 1

ô

the rank ofA = 2, since

k1

Ç

1
0

å

+k2

Ç

0
1

å

=

Ç

0
0

å

if and only if
Ç

k1

k2

å

=

Ç

0
0

å

so the columns are linearly independent.

Example 3.2. If

A=







1 0 1
0 1 1
0 0 0







the rank ofA = 2.
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Example 3.3. If

A=







1 1 1
0 1 0
0 1 0







the rank ofA = 2, since

1

Ö

1
0
0

è

+0

Ö

0
1
1

è

+(−1)

Ö

1
0
0

è

= 0

(and hence the rank can not be more than 2) but

k1

Ö

1
0
0

è

+k2

Ö

0
1
1

è

if and only if k1 = k2 = 0 (and hence the rank must be at least 2).

3.2 The determinant

Recall that for a 2x2 matrix,

A=

ñ

a b
c d

ô

the inverse ofA is

A−1 = 1
ad−bc

ñ

2 3
3 1

ô

3.2.1 Details

Definition 3.1. The numberad−bc is called thedeterminantof the 2x2 matrixA.

Definition 3.2. Now supposeA is an nxn matrix. An elementary product from the
matrix is a product ofn terms based on taking exactly one term from each column of row
x. Each such term can be written in the forma1 j1 ·a2 j2 ·a3 j3 · . . . ·an jn where j1, . . . , jn is a
permutation of the integers 1,2, . . . ,n. Each permutationσ of the integers 1,2, . . . ,n can
be performed by repeatedly interchanging two numbers.

Definition 3.3. A signed elementary productis an elementary product with a positive
sign if the number of interchanges in the permutation is evenbut negative otherwise.

The determinant of A, det(A) or|A| is the sum of all signed elementary products.
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3.2.2 Examples

Example 3.4. A=

ñ

a11 a12

a21 a22

ô

then
|A|= a11a22−a12a21.

Example 3.5. A=







a11 a12 a13

a21 a22 a23

a31 a32 a33







|A|
= a11a22a33 This is the identity permutation and has positive sign
−a11a23a32 This is the permutation that only interchanges 2 and 3
−a12a21a33 Only one interchange
+a12a23a31 Two interchanges
+a13a21a32 Two interchanges
−a13a22a31 Three interchanges

Example 3.6. A=

ñ

1 1
1 0

ô

|A|=−1

Example 3.7. A=







1 0 0
0 2 0
0 0 3







|A|= 1 ·2 ·3= 6

Example 3.8. A=







1 0 0
0 2 0
0 3 0







|A|= 0

Example 3.9. A=







1 0 0
0 0 2
0 3 0







|A|=−6
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Example 3.10. A=

ñ

2 1
2 1

ô

|A|= 0

Example 3.11. A=







1 0 1
0 1 1
1 1 2







|A|= 0

3.3 Ranks, inverses and determinants

The following statements are true for ann×n matrixA:

• rank(A) = n

• det(A) 6= 0

• A has an inverse

3.3.1 Details

SupposeA is ann×n matrix. Then the following are truths:

• rank(A) = n

• det(A) 6= 0

• A has an inverse

4 Multivariate calculus

4.1 Vector functions of several variables
A vector-valued function of several variables is a function

f : Rm → R
n

i.e. a function ofm dimensional vectors, which returnsn dimensional vectors.

4.1.1 Examples

Example 4.1. A real valued function of many variables:f : R3 → R, f (x1,x2,x3) =
2x1+3x2+4x3.

Note 4.1.Note thatf is linear andf (x) = Ax wherex=

Ö

x1

x2

x3

è

andA=
î

2 3 4
ó

.

17



Example 4.2. Let
f : R2 → R

2

where:

f (x1,x2) =

Ç

x1+x2

x1−x2

å

Note 4.2.Note thatf (x) = Ax, whereA=

ñ

1 1
1 −1

ô

.

Example 4.3. Let
f : R3 → R

4

be defined by

f (x) =

á

x1+x2

x1−x3

y−z
x1+x2+x3

ë

Note 4.3.Note that:
f (x) = Ax

where

A=











1 1 0
1 0 −1
0 1 −1
1 1 1











Example 4.4. These multi-dimensional functions do not have to be linear,for example
the functionf : R2 → R

2

f (x) =
Ç

x1x2

x2
1+x2

2

å

,

is obviously not linear.

4.2 The gradient

Suppose the real valued functionf : Rm → R is differentiable in each coordinate. Then
the gradient off , denoted∇ f is given by

∇ f (x) =
(

∂ f
∂x1

, . . . ,

∂ f
∂x1

)

.

18



4.2.1 Details

Definition 4.1. Suppose the real valued functionf : Rm → R is differentiable in each
coordinate. Then thegradient of f , denoted∇ f is given by

∇ f (x) =
(

∂ f
∂x1

, . . . ,

∂ f
∂x1

)

,

where each partial derivative∂ f
∂xi

is computed by differentiating f with respect to that
variable, regarding the others as fixed.

4.2.2 Examples

Example 4.5.

f (x) = x2+y2+2xy;
∂ f
∂x

= 2x+2y,
∂ f
∂y

= 2y+2x,∇ f =
Ä

2x+2y, 2y+2x
ä

Example 4.6.
f (x) = x1−x2;∇ f =

Ä

1, −1
ä

4.3 The Jacobian

Now consider a functionf : Rm → R
n. Write fi for the ith coordinate off , so we can

write f (x) = ( f1(x), f2(x), . . . , fn(x)), wherex ∈ R
m. If each coordinate functionfi is

differentiable in each variable we can form theJacobian matrixof f :
Ü

∇ f1
...

∇ fn

ê

.

4.3.1 Details

Now consider a functionf : Rm →R
n. Write fi for the ith coordinate off , so we can write

f (x) = ( f1(x), f2(x), . . . , fn(x)), wherex∈R
m. If each coordinate functionfi is differentia-

ble in each variable we can form theJacobian matrixof f :
Ü

∇ f1
...

∇ fn

ê

.

In this matrix, the element in theith row and jth column is ∂ fi
∂x j

.

4.3.2 Examples
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Example 4.7. For the function

f (x,y) =

Ö

x2+y
xy
x

è

=

Ö

f1(x,y)
f2(x,y)
f3(x,y)

è

,

the Jacobian matrix off is the matrix

J =







∇ f1
∇ f2
∇ f3





=







2x 2y
y x
1 0





 .

4.4 Univariate integration by substitution

If f is a continuous function andg is strictly increasing and differentiable then,

∫ g(b)

g(a)
f (x)dx=

∫ b

a
f (g(t))g′(t)dt

4.4.1 Details

If f is a continuous function andg is strictly increasing and differentiable then,

∫ g(b)

g(a)
f (x)dx=

∫ b

a
f (g(t))g′(t)dt

It follows that if X is a continuous random variable with densityf andY = h(X) is a
function ofX that has the inverseg= h−1, soX = g(Y) , then the density ofY is given by,

fY(y) = f (g(y))g′(y)

This is a consequence of

P[Y ≤ b] = P[g(Y)≤ g(b)] = P[X ≤ g(b)] =
∫ g(b)

−∞
f (x)dx=

∫ b

−∞
f (g(y))g′(y)dy.

4.5 Multivariate integration by substitution

Supposef is a continuous functionf :Rn →R andg : Rn →R
n is a one-to-one function

with continuous partial derivatives. Then ifU ⊆ R
n is a subset,

∫

g(u)
f (x)dx=

∫

u
(g(y))|J|dy

whereJ is the Jacobian matrix and |J| is the absolute value of it’s determinant.

J = |











∂g1
∂y1

∂g1
∂y2

· · · ∂g1
∂yn

...
... · · · ...

∂gn
∂y1

∂gn
∂y2

· · · ∂gn
∂yn











|= |









∇g1
...

∇gn









|
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4.5.1 Details

Supposef is a continuous functionf : Rn → R andg : Rn → R
n is a one-to-one function

with continuous partial derivatives. Then ifU ⊆ R
n is a subset,

∫

g(u)
f (x)dx=

∫

u
(g(y))|J|dy

whereJ is the Jacobian determinant and |J| is its absolute value.

J = |











∂g1
∂y1

∂g1
∂y2

· · · ∂g1
∂yn

...
... · · · ...

∂gn
∂y1

∂gn
∂y2

· · · ∂gn
∂yn











|= |









∇g1
...

∇gn









|

Similar calculations as in 4.5 give us that ifX is a continuous multivariate random variable,
X = (X1, . . . ,Xn)

′ with density f andY = h(X), where his 1-1 with inverseg= h−1. So,
X = g(Y), then the density of Yis given by;

fY(y) = f (g(y))|J|

4.5.2 Examples

Example 4.8. If Y = AX where A is an n × n matrix with det(A) 6= 0 and
X = (X1, . . . ,Xn)

′ are i.i.d. random variables, then we have the following results:

The joint density ofX1 · · ·Xn is the product of the individual (marginal) densities,

fX(x) = f (x1) f (x2) · · · f (xn)

The matrix of partial derivatives corresponds to∂g
∂y whereX = g(Y), i.e. these are the

derivatives of the transformation:X = g(Y) = A−1Y, or X = BY whereB= A−1.

But if X = BY, then

Xi = bi1y1+bi2y2+ · · ·bi j y j · · ·binyn

So, ∂xi
∂yi

= bi j and thus,

J = |∂dx
∂dy

|= |B|= |A−1|= 1
|A|

The density of Yis therefore;

fY(y) = fX(g(y))|J|= fX(A
−1y) = |A−1|
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5 The multivariate normal distribution and related topics

5.1 Transformations of random variables

Recall that ifX is a vector of continuous random variables with a joint probability density
function and ifY = h(X) such thath is a 1-1 function and continuously differentiable
with inverseg soX = g(Y), then the density ofY is given by

fY(y) = f (g(y))|J|

5.1.1 Details

J is the Jacobian determinant ofg. In particular ifY = AX then

fY(y) = f (A−1y)|det(A−1)|

if A has an inverse.

5.2 The multivariate normal distribution

5.2.1 Details

Consider i.i.d. random variables,Z1, . . . ,Zn ∼ (0,1), written Z =

Ü

Z1
...

Zn

ê

and letY =

AZ+µ whereA is an invertiblenxnmatrix andµ∈ R
n is a vector, soZ = A−1(Y−µ).

Then the p.d.f. ofY is given by

fY(y) = fZ(A
−1(y−µ))|det(A−1)|

But the joint p.d.f. ofZ is the product of the p.d.f.’s ofZ1, . . . ,Zn, so fZ(z) = f (z1) · f (z2) ·
. . . · f (zn) where

f (zi) =
1√
2π

e−
z2
2

and hence

fZ(z) =
n
∏

i=1

1√
2π

e
−z2

2

= (
1√
2π

)ne−
1
2

∑n
i=1 z2

i

=
1

(2π)
n
2
e−

1
2z′z

since

n
∑

i=1
z2
i = ‖z‖2 = z·z= z′z

The joint p.d.f. ofY is therefore

fY(y) = fZ(A
−1(y−µ))|det(A−1)|
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=
1

(2π)
n
2
e−

1
2(A

−1(y−µ))′(A−1(y−µ)) 1
|det(A)|

We can writedet(AA′) = det(A)2 so |det(A)|=
»

det(AA′) and if we writeΣ = AA′, then

|det(A)|= |Σ| 1
2

Also, note that

(A−1(y−µ))′(A−1(y−µ)) = (y−µ)′(A−1)′A−1(y−µ) = (y−µ)′Σ−1(y−µ)

We can now write

fY(y) =
1

(2π)
n
2 |Σ| 1

2
e−

1
2(y−µ)Σ−1(y−µ)

This is the density of the multivariate normal distribution.
Note that

E[Y] = µ

V[Y] =V[AZ] = AV[Z]A′ = AIA′ = Σ

Notation:Y ∼ n(µ,Σ)

5.3 Univariate normal transforms

The general univariate normal distribution with density

fY(y) =
1√
2πσ

e
− (y−µ)2

2σ2

is a special case of the multivariate version.

5.3.1 Details

Further, ifZ ∼ n(0,1), then clearlyX = aZ+µ∼ n(µ,σ2) whereσ2 = a2

5.4 Transforms to lower dimensions

If Y ∼ n(µ,Σ) is a random vector of lengthn andA is anm×n matrix of rankm≤ n,
thenAY∼ n(Aµ,AΣA′).

5.4.1 Details

If Y ∼ n(µ,Σ) is a random vector of lengthn andA is anm×n matrix of rankm≤ n, then
AY∼ n(Aµ,AΣA′).

To prove this, set up an(n−m)×n matrix, B, so that then×n matrix, C, formed from
combining the rows ofA andB is of full rank n. Then it is easy to derive the density ofCY
which also factors nicely into a product, only one of which containsAY, which gives the
density forAY.
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5.5 The OLS estimator

SupposeY ∼ n(Xβ),σ2I). The ordinary least squares estimator, when then× p matrix
is of full rank, p, wherep≤ n, is:

β̂ = (X′X)−1X′Y

The random variable which describes the process giving the data and estimate is:

b= (X′X)−1X′Y

It follows that
β̂ ∼ n(β,σ2(X′X)−1)

5.5.1 Details

SupposeY ∼ n(Xβ,σ2I). The ordinary least squares estimator, when then× p matrix is of
full rank, p, is:

β̂ = (X′X)−1X′Y.

The equation below is the random variable which describes the process giving the data and
estimate:

b= (X′X)−1X′Y

If B= (X′X)−1X′, then we know that

BY∼ n(BXβ,B(σ2I)B′)

Note that
BXβ = (X′X)−1X′Xβ = β

and
B(σ2I)B′ = σ(X′X)−1X′[(X′X)−1X′]′

= σ2(X′X)−1X′X(X′X)−1

= σ2(X′X)−1

It follows that
β̂ ∼ n(β,σ2(X′X)−1)
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