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Estimable fun
tions: The problem

If X is not of full rank, then the LS problem does not have a unique

solution for β̂.

In general not all 
ombinations of the form 


′β̂ may have unique solutions.

A linear 
ombination 


′β is an estimable fun
tion if there is a ve
tor of

numbers, a, su
h that

E
[
a

′
y

]
= 


′β

for all β.

NB: Viewed as a fun
tion of the unknown parameter ve
tor, β.

NB: The E -operator depends on β, 
ould de�ne g(β) := 


′β and h(β) :=
Eβ[a

′
y] and require g(β) = h(β) ∀β for some a.

yij = µ+ αi + ǫij .

yij = α+ βxij + βixij + ǫij
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Classi�
ation of estimable fun
tions

Theorem: A parametri
 fun
tion ψ = 


′β is estimable if and only if




′ = a

′
X for some a ∈ R

n
.
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Gauss-Markov theorem

Theorem: (Gauss-Markov theorem): Let EY = Xβ, VY = σ2I . Then

every estimable fun
tion c ′β has a unique unbiased linear estimate whi
h

has minimum varian
e in the 
lass of all unbiased linear estimates. This

estimate 
an be written the form c ′β̂ where β̂ is any LS estimator.
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Testing hypotheses in the linear model

Theorem: If y

︸︷︷︸

n×1

∼ n( X

︸︷︷︸

n×p

β
︸︷︷︸

p×1

, σ2 I

︸︷︷︸

n×n

) and ψ̂ is a ve
tor of estimable

fun
tions, then ψ̂ ∼ n
(

ψ,Σ
ψ̂

)

,

||y−Xβ̂||2

σ2
∼ χ2n−r and these two quantities

are independent.
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