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1 Tests of hypotheses including multiple comparisons in
the linear model

1.1 On distributions

If y ~n(X B ,6> 1)
N , - , ~
nx1 nxXp pxl nxn

and y are estimable functions, then

_xXBI12 . .
then § ~ n (y, X)), w ~2_, and these two quantities are independent.

1.1.1 Details

Let y ~n( X B ,02 1)
N , ~ , ~
nx1 nXp pxl nxn
and assume rank(X) =r < p.
The interest will be in obtaining some joint confidence statement on a vector, Y = (Y, ..., y,)’,
where each y; = ¢;f is an estimable function. Write I = (i1, ..., )’ for the least squares

estimates with \J; = c;ﬁ where B is any LS estimate and one can therefore also write {; = ajy
for unique g; € sp(X).
The above can be written more concisely as y = C using obvious definitions. It follows
that

I = Ay = Cp ~ n(CP,6%AA)

and the variance-covariance matrix of the estimates can be written in several equivalent
ways:

1 v
C,

where the last equality only holds if X is of full rank (r = p). The formulations are equi-
valent but vary quite a bit in usefulness on a case-by-case basis.

This leads to the following theorem.

V[§] =y = 6’AA’ =6°C (X'X)~

Theorem 1.1. y ~ n (lp , E\If) , ”y‘cifﬁ”z ~ x,%_r and these two quantities are independent.

1.1.2 Handout
Proof: See stats545.3

1.2 Confidence ellipsoids

Py [(0—v) B~ (W —y) <qs?Fynr1o] =1—a
This is an example of simultaneous inference: a single statement on a multivariate
estimable function using a single o.-level.

1.2.1 Details



Theorem 1.2. Under the above assumptions and definitions,

(W—w)'B(¥-v) /g
|ly —XBI|I?/(n—r)

Fq,nfr

Noting that the denominator is the usual estimator, s> of 62, it follows that the following
probability statement holds and can be used to obtain a confidence ellipsoid for .

PB [(W_W)/Bil (\T’_W) < qstq,n—nl—oc} =l-a

These intervals are very general and lead to several important special cases.

1.2.2 Handout

It is of interest to derive confidence regions, R(y) C R” such that
PsWeR(y)|=1-a VBeR?’.

Assume (without loss of generality) that rank(C) = ¢ and note that g < p.
Now, ¢y = CP € RY and the estimates can be written y = Ay for an appropriate choice of A
so EXy =y and V' = 6B with B = AA’. Next note that

CB=y=Ey=AXp VP

so that C = AX and hence g = rank(C) = rank(AX) < rank(A) < g where the last inequality
follows from A being a ¢ X n matrix. But this implies that rank(A) = ¢ and it is a know
result from linear algebra that rank(B) = rank(A). Since B is a g x ¢ matrix, it follows that
B is nonsingular.
Hence

Y ~n (\|I, GZB) .
Now, for any v-dimensional multivariate normal random vector Z with positive definite
variance-covariance matrix Xz and mean vector iz, it will be considered known that

(Z—pz)' 27" (Z—pz) ~ %y

This result easily follows from decomposing Zil into LL” where L is a lower triangular
matrix and defining U = L (Z — uy). Then the components of U will be i.i.d. n(0,1) and
therefore

~1
(Zz _:UZ),ZZ (Z—uz) = HUH2 ~ X%
It is therefore seen that

(- (o*B) " (F—w) ~ 2. (1)

XAI2
From above we know that this is independent of w ~Y2,
from which we obtain the above theorem.



1.3 Confidence interval for a single estimable function

For a single estimable function with estimator ( = ¢/p = a'y,

22 .2
qu—aas

and
A confidence interval for y: can be based on

A

(\II_ llf)z < a,astl n—rl—o

or on

P[\VE [‘1\/—tnfr,lfoc/Z\/%s?q!_'—tnfr,lfoc/st}} =l-a

1.3.1 Details

Consider a single (¢ = 1) confidence interval for a general estimable function. Write y =
¢'B and note that rank(c) = 1 if ¢ # 0. Our estimator for Y is y = ¢’ and can be written
y = a'y for an appropriate a.

It follows that the variance of \ is

A2 1.2
qu—aas

and a confidence interval for Y can be based on
(§— )’ <a'as’Fi 1 q
or on the following corresponding probability statement:

p [\VE [\Tf—tnfr,lfoc/2\/ﬁs7q[+tnfr,lfoc/2\/ﬁs}} =l-o

1.3.2 Examples

Example 1.1. When it comes to computing a confidence interval for a single estimable
function, we have seen that we can simply compute the values using an interval of the
form

[lfl\j_tnfr,lfocﬂ v a,asail\f'i'tnfr,lfoc/Z v a,as} :

There are a few tricks to this.
First of all, since a’y = ¢/, the variance can be obtained either from V[{] = a’ac as is
done above, or by using the alternative formulation

-1

V[B] =24 =0 (X'X)

which gives
Vig) = o% (X'x) e

and the corresponding confidence interval for y is:

[C,B_tn—r,l—oc/Z Cl (X/X>_l cs7c/B+tn—r,1—(x/2 V ¢ (X/X>_l CS] :




Example 1.2. In the case of a linear model involving parameters for two groups (factor
levels), y; and other parameters, possibly a large number of regression parameters, the
above result still holds.

The corresponding confidence interval for W = u; — u; is based on

[CIB_tn—r,l—(x/Z o (X/X)ilc‘g?c/B'i'tn—r,]—(x/Z V C, (X/X)ilcs] :

and reduces to
=ty —o/2Siy -
Notice how the degrees of freedom in the 7-cutoff are the same as in the regression, i.e.

these are the degrees of freedom in s> = MSE = SSE /(n— r) where n and r are, as always,
the number of rows in the X-matrix and the rank of the X-matrix.

Example 1.3. In many cases it is trivial to compute V[{] since the estimates are classical
and well known. For example there is no need to complicate the issue when looking at a
contrast of the form

V1. =252+ 3.
in the one-way layout with equal sample sizes J for each i. Here we see trivially that the

variance of \J is simply 62(4/J) and the confidence interval becomes correspondingly
trivial to compute.

Example 1.4. In the fixed-replicate two-way layout with with interaction, the model is
Yijk = Hij +&j = u+ 04 + B +vij + &k
and the variance is estimated with s> = SSE /(n — r) where
_ 2
SSE =Y (yijk —Jij.)
i,j:k
and the degrees of freedom are given in the usual anova table by n —IJ = IJ(K — 1).
Hence

_ N2
2 Tijk ik —7ij.)
IJ(K—1)
To get a confidence interval for a single mean, this is based on j1;; = y;; and we know the
variance of this is cl%ij = 62 /K and the veriance is therefore estimated using

Sy = sz/ K
and the confidence interval becomes
Vi j. +1t >kSZ / \/I_(

where * is based on IJ(K — 1) df, NOT K — 1 df!!




1.4 Testing hypotheses for multiple estimable functions

Hy:yi=vy,=...=vy,;=0vs H,: not Hy
Reject Hj if

‘Tleilql > qstq,nfr,lfoc

1.4.1 Details

As another example, consider testing the hypothesis that several (linearly independent)
estimable functions are zero, i.e. test

Hoi\jll:\jlz:...:\jlq:OVSHal not Hy

The simplest method to test this hypothesis is to reject Hy if y is not in the confidence set,
i.e.: Reject H if

A

WlBil\Tf > qstq,nfr,lfoc

1.5 Multiple comparisons

P [\Tfl — A\ /quﬂ,r’l,aé{W <V < i+ quyn,rylfq(ASq,i i=1,.. .,q] >1—a

1.5.1 Details

The confidence ellipsoids are of course multiple comparisons in the sense that they provide
information about the entire vector of estimable functions under consideration. However it
is usually of greater interest to draw conclusions on the individual estimable functions, but
the inference should be simultaneous. To this end, the confidence ellipsoids are used as a
basis and the intervals are simply deduced from the ellipsoids as follows.

Theorem:

P Wi —\/qFgn—r1—aB4; < Vi < Wi+ /@Fgn—ri—aby, i=1,...,q] >1—-a

Corollary: Let L:= {y =Y ?hyy; : hy,...,h; € R}. Then
P [\TI— \/quJl_r?]_a(A?q, <Y<Y+ \/qu7n_r71_a6q, Yy e L] =1-q

1.5.2 Handout

Several interesting, useful and important methods can be derived from these confidence
sets. These sets are attributed to Scheffe and are called the S-sets or S-methods of obtaining
simultaneous confidence statements.

The proof of the theorem is not trivial and the reader is referred to Scheffe’s book.

1.6 Data-snooping

When g = 1 the S-method is the same as a t-test. When ¢ > 1, conducting multiple t-tests
will ruin the error rate. The S-method permit multiple test:

Can use the S-method for data-snooping

May want to use a large o

Better than LSD: Know explicitly the error rate




1.6.1 Details

Suppose we are interested in searching for significance or data-snooping. Normally this
is not permitted since usually the hypotheses to be tested need to be specified in advance.
However, the confidence sets discussed in this tutorial are all simultaneous and can th-
erefore be searched in arbitrary detail.

Suppose W is a set of estimable functions, e.g. a set spanned by ¢ estimable functions:
Y= {y=kvyi+...+ky,} where y; = c/Band c,...,c, are linearly independent. Then
from the earlier results we can assert

Py—\/qF 6y <y <+/qF6y Yye¥|=1-a

and we are therefore allowed to search among all estimable functions within the set to find
significant effects.

The “trick” here lies in the cutoff-point, gF"* = qF, ,,1-«, which takes into account the
dimension of the space.
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2 Special cases of Scheffes confidence sets: Applications
to simple linear regression

2.1 The setup

yiNl’l(O(.—l—Bxi,Gz), i=1,....n

2.1.1 Handout

We will assume the model to be y; ~ n(a+ Bx;,62), independent and the x; are not all the
same, so the X-matrix is of full rank.
In this case the OLS estimators, &, 3 are well known linear combinations of the y-values.

They can be written as
A o ar'y )
= A = = A
b < B ) ( ay y

for an appropriate choice of ay,a; and A.

The variance-covariance matrix has been derived elsewhere as 6°AA’ = 62 (X'X)
Since 62 can be estimated with s = MSE, the variances and covariances of & and ﬁ can
easily be estimated.

-1

2.2 The intercept

‘ C.I. for o alone is the same as before.

2.2.1 Handout

The intercept alone is a simple linear function of the full parameter vector, i.e.

w:oc:(l,O)(g).

the corresponding estimate is

lezéLz(l,O)( g ) =a;'y.

2 and estimate s2

The variance, 62, corresponding estimator, 6\1! et

function is well known.

Since this is a single estimable function we have g = 1. If the x-values are not all the same
then X has full rank so » = p = 2 and we obtain the same CI as before.

To actually derive the quantities we can either use the matrix version, define X as usual and
see that the estimate becomes

of this particular estimable

s%', = s%a,’ (X'X) - a;

where s> = MSE.
Alternatively we can go from the usual elementary formulae

s (x=%)(y—y)
b= Y(x—%)°

10



and
a=y—px
and rewrite first the top and then the bottom one as linear combinations of y; to find the

actual aj;-components of a;. From that we obtain G%I = GZZa%i as the true variance, the

estimator follows by substituting 6> for 6 and the estimate is obtained using

s =MSE = |ly—Xp||> =} (vi— 00— px;).

Details are left to the reader.

2.3 The slope

‘ C.I for slope is the same as before

2.3.1 Handout

The slope alone is a simple linear function of the full parameter vector, i.e.

(04
=p=(0,1 < )
v=Bp=01{ g
the corresponding estimate is

A (04

v=p=on( 5 )—a

The variance, 62, of this particular estimable function is well known.

Since this is a single estimable function we have ¢ = 1. If the x-values are not all the same
then X has full rank so » = p = 2 and we obtain the same confidence intervals as before.
Details of the derivations are left to the reader.

the same CI as before.

2.4 A simultaneous confidence set for the slope and intercept

Confidence ellipse in the o-3 plane

(-w'B (¥ -w) /g _ }
{“" ly-XBIP/(n—r) —

(5)

where

2.4.1 Handout

Recall that the vector y = (@, G)’ is estimable in simple linear regression if the x-values
are not all the same. A simultaneous confidence set for Y is based on the point estimate
y = (&, )" and the corresponding covariance matrix and the earlier result

A

_w/B ! (-
W-wB~ (V=-V/g_p )
[ly =XBI[*/(n—7)

11



where B is defined by
V§] =B,
and we also have
Vgl =o?(xX'X) "

It follows that in this case B = (X'X) ! so in particular B! = X'X
Equation 2| provides a confidence set,

—w'B (v /g _ }
{‘"' ly—XBI/(n—r) — S

which describes an ellipse in the (o, B)-plane.
In terms of the original SLR parameters, the 100(1 — a')% confidence set becomes

() ()-GUe((5)-(3) o)

This confidence set can be used to obtain simultaneous bound on the two parameters:
To find simultaneous confidence intervals for o and 3, consider the following optimisation
problem:

3)

minp

()-(3)ex((§)-(5) 2w

This will find the smallest possible  within the simultaneous confidence set for o and 3.
Repeating this for the four cases of minimising and maximising the values of o and [ gives
confidence intervals for each of o and 3, which hold simultaneously.

These simultaneous intervals are of course wider than the usual t-based intervals.

Note that here, qstqﬂ_nl_a/ 18 2s2F27n_271_0¢ and this does not correspond to a z-interval.
There is more than one way to solve this. One is to use the Lagrange function

poa{((§)-(5 ) ((§)-(5)) st}

differentiate w.r.t. o, B, A and set all derivatives to zero.

Another method is to look at the ellipse itself, write & — o as a function of 3 — 3 and see
for which values of [ there is a solution for .. The above ellipse needs to first be written
out, aka

w.r.t.

n(a—a)+2Y 5 (@) (B-B)+ L (B-B) = a5Fyn 1o

Whichever method is chosen, the deduced confidence intervals should be of the form
aiéa qu,n—r,]—(x’

and A

B+ 63 quJz—r,l—oc’
and it is worth repeating that these are simultaneous confidence intervals which will have
a joint confidence greater that 100(1-a')%. It is also worth nothing, that although these

12



intervals are written here in terms of estimators, a strictly correct notation would be to use
the estimates instead, as in
axsa\/qFyn—r1-o

b+ Sb/ qu,n—r,l —ao-

Writing out this ellipse is also a useful start to compare the univariate (t-based) intervals,
the joint ellipse and the simultaneous (F-based) intervals. Writing an R script to draw this
is a good exercise for the reader, as is a simulation exercise to compare the actual coverage
probability of these various confidence sets.

and

2.5 Confidence band for the regression line

Simultaneous band for the entire regression line:
1 ¥ 2
cH—l?)cj:s\/ZFlez’lOc {— + (xix)_z} xeR
noYi(x—X)

The simultaneous confidence set for the two parameters in SLR can be used to obtain a
confidence band for the regression line.

The confidence band for the regression line is a simultaneous statement on all points in the
set

2.5.1 Handout

C={a+Px:xeR}

Now, the variance of the estimates & + Bx is well known and it is also clear that the above
confidence set is a subset of

L= {WZC]OC-I—CQBIC],CQ ER}.

This is the set of all linear combinations of the two-dimensional parameter vector (o, 3)’,

which is an estimable function,
o
v=()=(5):
V2 p
The above set, L, consists of all linear combinations of y; and > and can be written as
2
L= {W: Zhi\viihl,hQER} .

h=1

This demonstrates that L is spanned by two estimable functions, y; = ot and Wy, =3 and L,
as in the corollary earlier. It therefore has dimension ¢ = 2 and one can use a corresponding
F-cutoff to obtain simultaneous confidence bounds for the entire regression line.

To derive the actual formulae, note that a generic point on the regression line, Y = Yy =
o+ PBx (an element of £) is predicted with y = G+ Bx, which has variance

oy =V [(Lx)( % )} =0%(1,x) (X’X)1< )16 )

and as usual, this variance is estimated using



The confidence band for the entire regression line thus becomes

a+bxts 2F, 2i-a(l,x) (X,X)1< jc >7

where a, b and s? are the usual numerical estimates of the intercept, slope and residual
variance (MSE), respectively.
Note the several "tricks"here, where we know the appropriate variances and can use them
directly.
Note also that as in earlier examples, we do not need to use the matrix inverse since it is
not at all difficult to derive the variance of \y by rewriting it as a linear combination of the
Yi: A . A .

6+ Px= (5 —BE) +Pr =5+ (x—5)p

and now insert the two equations y = %Zi Vi,

to obtain

A 1 X —X 1 X —X
O+Br=—-) yi+(x—3)) ———y= {—+<x—f)’7}y,-.
”Zl: Zi:):j (xj—%)° Zl: )’

The right hand side is a linear combination of independent y;, i.e. a’y and the variance
becomes 62 Y ; a2

The next trick is to note that when squaring the term in the curly brackets, the cross-product
involves Y ;(x; — X) = 0 so it goes away and the result becomes:

A 1\2 Xi—X ?
V |6+ px| = o? ~ ) +(x—5)? <17>
| | Zl' <”) ¥ (x—%)°
which simplifies easily to
T 1 (x—x)?
Viorh - {Z ! Y (Xi—f)z} -
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3 The Bonferroni approach to multipe comparisons

3.1 The multiplicity issue

Consider testing k independent hypotheses, each at level a.
Then, since
P|conclusion i is incorrect] = o

we obtain
P|conclusion i is correct] = 1 — a,

and therefore

k

Plan error occurs] = 1 — P[all correct] = 1 —II¥_, P[conclusion i is correct] = 1 — (1 —a)

3.2 LSD

Consider just doing a whole bunch of t-tests

This amounts to saying "There is something significant going on if there is anything
significant seen"

This is the method of Least Significant Difference and has a very large potential error
rate

3.3 Bonferroni confidence intervals

Bonferroni intervals:
Simple

Always work
Conservative

3.3.1 Details

In general, consider two events, A and B having the same probability, P[A] = P[B] = o'.
In the current situation, A is the event “confidence interval 1 is wrong” and B is the event
“confidence interval 2 is wrong”.

The probability of both confidence intervals being correct is

P[A°NB°] = P[(AUB)]
1 —P[AUB]
= 1—(P[A]+P[B] — P[ANB])
> 1-P[A]-P[B]
= 1-20

It follows that if two confidence statements are made, each with error rate o = o/2, or
confidence 100(1 — a/2)%, then the overall confidence is at least 100(1 — )%, i.e. the
probability of any error is reduced to o.

3.3.2 Example

In the one-way layout one can use the Bonferroni method to compare all the means in a
pairwise manner. Since there are ¢ = I(I — 1) /2 comparisons, the corresponding confidence
intervals become:

15



L 2
Yi. = k. j:tl—oc/(2c),ab(n—l)s\/;

where s2 is the usual estimate of variance, s> = MSE.

In some cases, for example the two-way layout, there may be a very large number of
potential pairwise comparisons and not all may be of interest.

So suppose only a specific collection of ¢ pairwise differences are of interest in the two-way
layout. In this case Bonferroni confidence intervals may be preferable to other methods:

o 2MSE
Vij. = V. £ —a/(2¢),ab(n-1) .
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4 Tukeys confidence intervals

4.1 Pairwise multiple comparisons

‘ Tukey’s method for pairwise comparisons works!

4.1.1 Details

When all pairwise comparisons are of equal importance, the interest is in being able to
make statements of the form

P[|Xi—Xj| < dij for all i,j] >1—o

Usually, d;; is taken proportional to the common standard deviation, s and written either as

gs//norws/\/1/n;+1/m; in the case of unequal sample sizes.
The function TukeyHSD in R and the procedure “proc glm” in SAS (with the Tukey option)

can be used for general, and valid, pairwise multiple comparisons.

4.2 Tukeys confidence intervals

The Tukey test is used in the one-way layout, when there is an interest in all pairwise
comparisons.

For equal sample sizes J in each cell, the simultaneous confidence intervals using
Tukey’s method in the one-way layout are as follows:

Vi.—¥j. T q1-ogN-g X \/MSE/J

where ¢* = q1_o,g,N—g 1s the appropriate quantile from Tukey’s studentized range distri-
bution.

4.2.1 Details

If all pairwise comparisons are of interest in the two-way layout the following procedure
can be followed to calculate simultaneous 1 — o confidence limit of the difference.

1 / 2
Vii.— V. £ —F—=—q1— _ MSE—
Yij. — Ykl \/(2>QI o,ab.ab(n—1) n
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5 Simultaneous confidence intervals for all contrasts

5.1 Scheffes method

[
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6 Comparing confidence sets

6.1 Scheffe, Tukey and Bonferroni

[
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7 Applications

7.1 Background

‘ This lecture is a placeholder for a collection of examples and applications of the theory

7.2 One regression line or two?

are two regression lines really the same?
two level factor...

the question generates 4 models

what comparisons can be made?

7.3 the lack of fit test

taken from Neter et al
the approach reverses the usual logic (do I need a line) to "is a line enough"

7.4 Smoothers

consider the cubic spline...
can be a linear model
can be used to test whether a line is appropriate
if the knots are chosen based on data then we have a GAM, not the usual linear model
other splines are normally used, but this is a simple introduction
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