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What is an intera
tion?

In some 
ases there 
an be intera
-

tions between two or more fa
tors.

Intera
tions o

ur when the ef-

fe
t of one fa
tor is in�uen
ed by

another.

When there are intera
tion be-

tween two fa
tor the are said to be

dependent.
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Example
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The two-way ANOVA model with intera
tions

ANOVA model with two fa
tors and intera
tions is on the form

y

ijk

= µ+ α
i

+ β
j

+ (αβ)
ij

+ ǫ
ijk

where

(αβ)
ij

= µ
ij

− (µ + α
i

+ β
j

)
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Fitting a model with intera
tions

The model is

y

ijk

= µ+ α
i

+ β
j

+ (αβ)
ij

+ ǫ
ijk

The parameters are estimated as follows

µ̂ = ȳ ...

α̂
i

= ȳ

i

..+ ȳ ...

β̂
j

= ȳ .
j

.+ ȳ ...

ˆ(αβ)
ij

= y

ȳ

ij

.−ȳ

i

− ȳ .
j

.+ ȳ ...
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The ANOVA table with intera
tions

Sour
e df SS MS F

Fa
tor A a − 1 SSA = nb

∑

(ȳ
i

..− ȳ ...)2 MSA

SSA

a 1

MSA

MSE

Fa
tor B b − 1 SSB = na

∑

(ȳ .
j

.− ȳ ...)2 MSB

SSB

b 1

MSB

MSE

Intera
tions AB (a − 1)(b − 1) SSAB = n

∑∑

(ȳ
ij

.− ȳ

i

..− ȳ .
j

.+ ȳ ...)2 MSAB

SSAB

a 1 b 1

MSAB

MSE

Error ab(n − 1) SSE =
∑∑∑

(y
ijk

− ȳ

ij

.)2 MSE

SSE

ab n 1

Total n − 1 SSTOT =
∑∑∑

(y
ijk

− ȳ ...)2
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Hypothesis

When we have two fa
tors there are three questions of interest.

Are there intera
tions between the two fa
tors

H

0

: All(αβ)
ij

= 0

H

1

: Not all(αβ)
ij

= 0

Is there an e�e
t of fa
tor A

H

0

: Allα
i

= 0

H

1

: Not allα
i

= 0

Is there an e�e
t of fa
tor B

H

0

: Allβ
j

= 0

H

1

: Not allβ
j

= 0
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The F-test

To test for intera
tion and fa
tor e�e
ts a F-test is applied. First it is

tested if the intera
tions are signi�
ant.

F = MSAB

MSE

follows a f-distribution with (a − 1)(b − 1) and ab(n − 1)
degrees of freedom and if F > F

1−α,(a−1)(b−1),ab(n−1) the null hypothesis

of no intera
tion is reje
ted.

If the null hypothesis of no intera
tions is reje
ted there is no need

in tested the other two hypothesis as there is a e�e
t of both fa
tors

be
ause of the intera
tions.

If the null hypothesis is not reje
ted test for fa
tors A and B are

done as in two-way ANOVA without intera
tions.

Note that a test for intera
tions 
an only be 
arried out if there

are two or more observation per 
ell.
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Example
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Assumptions
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Multiple 
omparisons when intera
tions are signi�
ant

When intera
tions are signi�
ant, fa
tor levels means 
an not be 
ompared

as before.

Levels means for fa
tor A need to be 
ompared for ea
h level of

fa
tor B individually.

Likewise, levels means for fa
tor B need to be 
ompared for ea
h

level of fa
tor A individually.
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Tukey and Bonferroni

When intera
tions are signi�
ant and all pairwise 
omparisons are of inter-

est the following pro
edure 
an be followed to 
al
ulate 1− α 
on�den
e

limit of the di�eren
e.

ȳ

ij

.− ȳ

k

l .±
1

√

(2)
q

1−α,ab,ab(n−1)

√

2MSE

n

When only some 
 number of di�eren
es are of interest Bonferroni 
on�-

den
e intervals may be preferable

ȳ

ij

.− ȳ

k

l .± t

1−α/2
,ab(n−1)

√

2MSE

n
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Example - Breaks in yarn
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Multi-fa
tor ANOVA

There is really no limit how many fa
tor 
an be in
luded in ANOVA.

Interpretations be
ome more di�
ult as number of fa
tor in
reases.

ANOVA with 4 fa
tors 
an have intera
tions between all of the

fa
tors whi
h 
an be di�
ult to interpret.

Here we will only des
ribe ANOVA with 3 fa
tors.
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Example
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Model for three-way ANOVA

The model when we have three fa
tors is on the form

y

ijkl

= µ+ α
i

+ β
j

+ γ
k

+ (αβ)
ij

+ (αγ)
ik

+ (βγ)
jk

+ (αβγ)
ijk

+ ǫ
ijkl
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Estimating parameters

Anonymous () Multi-fa
tor ANOVA and intera
tions August 20, 2012 17 / 1



Che
king the assumptions
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: All (αβγ)
ijk

= 0

H

1

: Not all (αβγ)
ijk

= 0

H

0

: All (αβ)
ij

= 0 H

0

: All (αγ)
ik

= 0 H

0

: All (βγ)
jk

= 0

H

1

: Not all (αβ)
ij

= 0 H

1

: Not all (αγ)
ik

= 0 H

1

: Not all (βγ)
jk

= 0

H

0

: All α
i

= 0 H

0

: All β
j

= 0 H

0

: All γ
k

= 0

H

1

: Not all α
i

= 0 H

1

: Not all β
j

= 0 H

1

: Not all γ
k

= 0
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ANOVA table for three-way ANOVA

ANOVA table when we have three fa
tors be
ome large and we use sta-

tisti
al software for the 
al
ulations.

Sour
e df SS MS F

Fa
tor A a− 1 SSA MSA

SSA

a 1

MSA

MSE

Fa
tor B b − 1 SSB MSB

SSB

b 1

MSB

MSE

Fa
tor C 
 − 1 SSC MSC

SSC


 1

MSC

MSE

Intera
tions AB (a − 1)(b − 1) SSAB MSAB

SSAB

a 1 b 1

MSAB

MSE

Intera
tions AC (a − 1)(
 − 1) SSAC MSAC

SSAC

a 1 
 1

MSAC

MSE

Intera
tions BC (b − 1)(
 − 1) SSBC MSBC

SSBC

b 1 
 1

MSBC

MSE

Intera
tions ABC (a − 1)(b − 1)(
 − 1) SSABC MSABC

SSABC

a 1 b 1

MSABC

MSE

Error ab
(n − 1) SSE MSE

SSE

ab n 1

Total ab
n − 1 SSTOT =
∑∑∑

(y
ijk

− ȳ ...)2
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Test the hypothesis

Use F-test to test hypothesis.

Start by testing if there is a 3-way intera
tion.

If 3-way intera
tion is signi�
ant than all fa
tors have a signi�
ant

e�e
t and no further tests are required.

If not test the two way intera
tions et
...
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Interpretation of 3-way intera
tions
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Fa
tors e�e
t when 3-way intera
tion is signi�
ant

When 3-way intera
tions are signi�
ant the e�e
t of the fa
tors has to be

analyzed jointly.

Di�eren
e between the µ
ijk

has to be examined.

Bonferroni or Tukey 
an be used for multiple 
omparisons.
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Fa
tors e�e
t when 2-way intera
tions are signi�
ant

If there is one 2-way intera
tion signi�
ant then the fa
tors involved has

to be examined jointly.

If fa
tors A and B intera
t µ
ij

. has to be examined and the third

fa
tor 
an be examined individually.

If two or three 2-way intera
tions are signi�
ant all the fa
tors

need to be examined jointly.

It is then ne
essary to examine µ
ijk

.
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Fa
tor e�e
ts without intera
tions.

When no intera
tions are signi�
ant ea
h fa
tor 
an be examined

individually.

Ea
h µ
i

.., µ.
j

. and µ..
k


an be examined.

Use Bonferroni or Tukey for multiple 
omparisons.
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Example - S
hool days
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