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1 Methods of Point Estimation

1.1 Point Estimation

A (point) estimator is a function of random variables, T = T (X, ..., X)), which is itself
also a random variable.
A point estimate is an outcome of the estimator t = T'(x1,...,x,) = T(X(u)).

1.1.1 Handout

A (point) estimator is a function of random variables, T = T (X}, ..., X,), which is itself
also a random variable. A point estimate is an outcome of the estimator r = T (x1,...,x,) =
T(X(u)).

Many methods are used to derive estimators:

¢ Maximum likelihood

Method of moment

« Minimum %>

* Least squares

* Best Linear Unbiased Estimators (BLUE)

* and any other method one can come up with

1.2 Maximum Likelihood Estimators
1.2.1 Handout

Consider a collection of random variables X = (X, ...,X,) which have a distribution with
joint density fy. For a given set of data x the likelihood function is defined by

Lx(0) := fo(x)

and if we set

0(x) = Ly(0
(x) = argmax L(6)

then the estimator
0 =0(X)

is called the maximum likelihood estimator (MLE) for 6.

<x<
Example 1.1. Let X1, ..., X, ~ U(0,0) be i.i.d. Then fo(x;) = { : (/)9 &gef W—isg

and the joint density is the product of these functions so the likelihood function is

9

1) = [T ox) = [T gtoa )

Order the values X(1) <...< X(n) SO that when they are all positive, i.e. 0 < x(1) < X(n)

then 1
Lx(0) = @I[X(W}(e).

We therefore see that the function has a maximum at x,) so the MLE is 6= X(n)-




We can now investigate 6,V etc.

1.3 Method of Moments
1.3.1 Handout

Let X1, ...,X, be 1.1.d. If one is to estimate a single parameter 0, then we can consider the
relation
X = EG<X1) = g(e)

as an equation where the parameter 6 is the unknown. If the parameter is multivariate
6 € ©® C R” then one can set up a system of equations

1 .
;ZXI-J:EQ[X{] j=1,...,p
i=1

and solve this for the elements of 0.
The resulting estimator is the method of moments estimators.

Example 1.2. LetXj,...,X, ~U(0,0) bei.i.d. Then EX; = g and the method of moments
estimator solves the equation X = g for © as the unknown, i.e. 6 = 2X.

Example 1.3. Let X1, ..., X;, ~ Gamma(c, 3) be i.i.d with density:
FlolaB) = boox e x>0
(o) -
The first two moments then are:
p=X=E(X")
_¢
B
w=X>=E(X?
= Var(X) + (E(X))*
o0,
— 5+ (3)
B> B
_o(o+1)
i
From the first equation we have:
o
a M1
Subtituting this into the second equation gives,
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So the method of moments estimators are,

A~ X
B:?

XZ
0=

1.4 Comparing estimators

1.4.1 Handout

Example 1.4. Compare the estimators 6; = X(yy and 6, =2X for 8 in U(0,0).
« E[B] = EX(n). The c.d.f. of X; is

SE
P[X,-gt]:/ “ar=L ifo<i<e
0 0 0

The c.d.f. of X, is

F(t) = PXu <t]=PX; <t,...X, <t]=P[X; <t].--P[X, <]

and the p.d.f. is




so the expected value is

o n 1 0 n ol n
EX = [ t—t"'dt = ——— "1 = = 0.
() /o on 0nt1 o ntl &  ntl

Hence 6, = X(n) is biased, i.e. expected value # 6.
« Ed, = E2X] =2EX =29 =o.
Note that

n n

EX? :/Gtzit"ldtzi/et"“dt:Lt"H)G:—e
(= Jo © on 0" Jo 0"(n+2) lo n+2

which gives

2 2
n 5 n ’ n n ’ n
X —_ J— e —_ p— .
VX = 152° (n—|-16> 0 {n+2 (n+1)2} 0 (n+ 1D2(n+2)
On the other hand

A . _ 4 41 0’
VO, =V[2X] =4V[X] = ﬁv[xl] = 2592 =3

So the unbiased estimator éz is better i.e. has lower variance.

Example 1.5. In the U(0,0) example one can consider 83 = %X(n) which satisfies
Ef; = .

Let X,, ~ n(u, %) be independent.

Define {
§% = X, — X)?
n—1 Z( ' )
so that
(n—1$*
o2 ~ An—1

and thus E[S?] = 62 i.e. b;>(5?) = 0 and

n—1 ) n—1 2 2 2 64 264
2n—1)=V S°l = Vi =V|§)=2(n—1 =
(n=1) =V 8] = (VIS = VIS =200 1) 2y =

so that .
2

MSE(SZ):LI-I-OZ
n_

(see definition of MSE, mean squared error, below).
On the other hand, for

1 _ 1
&=-Yx-x?="—¢



we obtain

—1
E[6% ="1—c°
n
" (1-17 20* _2(n-1)c*
n—1 n—1 26 2(n—1)o
V[6?] = 2V[$?] = =
6] = (VIS = =
so that 5
. n—1 —0
bg2 (6%) = p 62—(5227
and therefore
2(n—1)c* o, -1, 2-Y, 2 5
MSE(6%) = ~—1— 4 (——)*= =__n = MSE
SE(67) " + ( n) 3O 40 < —0 SE(S?)

so MSE(6?) < MSE(S?).

Note: As a result of the above, it is of general interest to compare the existing estimators

of variance, which only differ in multipliers, using nl—l or n]?

1.5 Method of Least Squares
1.5.1 Handout

The method of least squares method gives the same result as maximum likelihood when
the data are assumed to come from a normal distribution. Naturally, this is not generally
the case.

The method of least squares can be used as a method of estimation even though the normal
distribution is not applicable. The method is then just used to get an estimator, which may
or may not be a good estimator compared to the MLE.

1.6 Linear Estimators

(|

1.6.1 Handout

Linear estimators are estimators of the form Y ; a;X;.

The coefficients a; can be chosen to satisfy arbitrary requirements. Most commonly this
is unbiasedness and minimum variance, leading to the Best Linear Unbiased Estimators
(BLUE).

1.7 Minimum Chi-Squared
1.7.1 Handout

When the data (o;;) are available as frequency tables it may be natural to look at a model of
the expected frequencies ¢;; as a function of parameters and then predict the measurements
with the expectations e;;. A common measure of quality is

)y o (o —eip)’
X* = 276
i,j 13

and if there are unknown parameters in the model, they can be estimated by minimizing
X2,



1.8 Induced Likelihood Function
1.8.1 Handout

Suppose that L, is a likelihood function. We are interested in evaluating a function of
parameter, i.e. evaluate T(6) but not necessarily 0 .
Induced likelihood function for y = 1(0) is the function L} with

Li(m):= sup L(6)
{6:1(6)=n}

Theorem 1.1 If 6 is the MLE for 6 then () is the MLE for n = ().

Proof. Let 1| denote the value that maximizes L*(n|x). We must show that L*(fj|x) =
L*[t(6]x]. Now, as stated above, the maxima of L and L* coincide, so we have:

L*(fi|x) =sup sup L(6|x) =supL(6|x) = L(B|x)
n {6:1(6)=n} 0

where the second equality follows because the iterated maximiazation is equal to the unconditi-
onal maximization over 0, which is attained at 6. Furthermore

LOx)= sup L(O]x)=L"[1()|x].
{6:1(8)=10}

Hence, the string of equalities shows that L* (f|x) = L*(t(6)|x) and that t() is the MLE
of 7(8). O
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2 The quality of estimators

2.1 Quality of estimators
2.1.1 Handout

Let W be an estimator for a parameter 6.
We define the mean squared error with

MSE :=E[(W —8)?].

The bias is
bg(W) = E[W] -0

and we note that

MSE = E[(W —0)*] =E[(W—EW +EW —6)?]
= E[(W—EW)*+E[(EW —0)*]+2E[(W —EW)(EW —0)]
bg(W)
= VW] +bg(w)?

2.2 Best estimators (UMVUE)
2.2.1 Handout

Definition 2.1. W is the best unbiased estimator or the minimum variance unbiased
estimator (MINVUE) or the uniformly minimum variance unbiased estimator (UMVUE)
for ©(0) if Eg|W] = 1(0) and for all other estimators W* with Eg[W*] = t(8) we have
Vo[W] < Vo[W7].

Example 2.1. Xj,...,X, ~ p(A). Then we know

u:EX; =M\
and
o> VX;=A
therefore
EX=u=»\
so that
EXS2 = 02 = 7»

and we thus have two unbiased estimators.
The question is, which one should be used and obviously one should compare V3 X vs
V}LS2 ?O0rcanone finda, 0 <a<1s.t.

VilaX + (1 —a)$?]

improves both?

10



Note: Vj[aX + (1 —a)S?] = a®V\ X + (1 —a)*Vy,§? +2a(1 — a)Covy (X, S?)

2.3 Best linear unbiased estimators (BLUE)

(|

2.3.1 Handout

Certain estimators can be derived from scratch using a definition of optimality.

IfYy,...,Y, as independent random variables one can consider estimators of the form
n
w=Y a,
i=1
and choose the coefficients (af,...,a;) =: a* so that
E Za?Yi =1(0)

V) aiYi=minV} a;

Example 2.2. Y1,...,Y, ~ n(u,c?) iid t(8) = u
W =Y aY,
EW=u=EY a¥;=u

=>Zail1=#

Wya=1 (%)
vw 2 Y 462
. 2
i, L
m.r.ty a;j=1
L= Zal-z+7»(2ai— 1)

0
O:a—mL:2Qi+}L:>ai:7

i.e. all the g; are the same and () implies a; = 1 and hence Y is the BLUE for n(u,c?).

We thus want

Note: We assumed independence in (*x), and identical distributions in (** *) but not
normality, and hence Y is BLUE for u if Yi,...,Y, are i.i.d. with expected value u
and a common finite variance 2.
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3 The Cramer-Rao inequality

3.1 The Cramer-Rao inequality

3.1.1 Handout

Note: It is worth noting that
(1) the condition (*) is quite useless but can be shown to hold for very many distri-
butions, including the exponential family

(2) The denominator contains the phenomenon

In fp(X)

which is a function of parameters and random variables.

(3) If W(X) is an unbiased estimator for 6 then Eg[W (X)] = 6 and the numerator
is then the constant 1.

(4) If W(X) unbiased and achieves thes lower bounds, then W is UMV UE.
(5) Eo%1nfo(X) = 0 since

Ee%lnfe(x) = / (a%lnfe(x)) fo(x)dx

aefe() x)dx
ol > folx)d
——

=1

where the second to last step is only valid if the condition (*) is fulfilled.

12



Proof.

—Ee /W aefe(x
:/W (x) aefe(X fo(x)dx

_/W

hlfe
d
=Eo | W(X) 551n fo(X) | = Eo[WUp]
Y ——

)| fo(x)dx

W e
= Eg[WUy] — EqW EgUg = Cove(W,Uy)
0
We also have Vg[Ug] = E[UZ] — (EUp)* and thus
——
0
COV@(W, Ue)
1>p%,, =—— 270
_ (Ee[WUs])
Vo[W] - E[Ug]
2 (ShEp[W])?
= Vo[W] > (EGE[V[ZE?” = (dGE[(Zf[g]D
(dEeW])
= WW|> —=8 =
o] = Eo[(G1n/fo(X))’]

3.2 A version for i.i.d. random variables
3.2.1 Handout

Note: If Xi,...,X,, ~ fg are iid then the C-R theorem becomes

(d5Ee [W (X)])°
VoW (X)] >
d | nEe[(%lnfe(Xl))z]
Since: .
f6 (X15s Xn) = er(xl>
i=1
Info(x) = zn:l"fe(xz)
i=1
Info(X) = ilnfe(X,)
i=1
and

13



3.3 Fisher information
3.3.1 Handout

Note: The quantity

Eq [(%mfe(x))z]

is called the Fisher information.

It is a way of measuring how much information an observable random variable, X,
carries about an unknown parameter, 0.

3.4 Rewriting the Fisher information
3.4.1 Handout

Note: If fy is the (multivariate) pdf of X and is such that the order of differentiation and
integration can be interchanged, ie

dx

then
2

2
Eg [(%hlfe(x)) ] = —Eq [aa—ezlnfe(x)]

This is seen by noting that

By |5 o) = [ N (2 7603)) fo(xd

0
- (%so(x)) - d
~Jxex@) fo(x) Jo(x)dx = /xeX(Q) %fe(x)dx
d
and therefore 3 3
0= X () 20 K%lﬂfe(x)) fe(Xﬁ dx

and the rest follows by differentiating the product.

3.5 The C-R inequality for i.i.d. random variables
3.5.1 Handout

Corollary 3.1 If X;,...,X, iid each with pdf fg. Then under the same assumptions,

Vo[W] > (f—gEe[W])z i
nkq [(%lnfe (X1)) ]

14



Note: If Xi,...,X, are iid, each with pdf fy and W is unbiased for 0, then we obtain

VoW >

—nEg |2 fo(X))]

if the corresponding assumptions hold.

VolW] > (j5Ee W) i
I’lEe [(a—aelnfe (X1)> ]
1
o —nEg |25 fo(X1)]

3.6 When the assumptions fail

3.6.1 Handout
Note: If Ag = {x: fo(x > 0} then one usually requires Ag = Ag, for all 0, 6’ € O. Le. this
does not work for U (0,0).

3.7 A corollary using the likelihood function
3.7.1 Handout

Corollary 3.2 Let X1,...,X,, ~ fg be i.i.d. where fy satisfies the condition of the C-R
theorem and write .
0) =] ] /6 (xi)-
i=1

An unbiased estimator W (X) of t(0) attains the C-R lower bound if and only if there is
a function a such that 3

a(®) (W (x) —(8)) = 55 InLx (6)

Proof. Easy application of the Cauchy-Schwarts inequality. U

Example: Write up from 2015-10-01 14.05.54.jpg and 2015-10-01 14.09.23.jpg
This is an old version...

Example 3.1. Let Xn ~ n(u,6?) be independent and identically distributed and 6 ~
n(u,0%)

We can then write down the likelihood function as
d Cyn (2
LX(6> = LX(‘U,GZ> = Hf(xl;/'l7 (52) — (52(_’1/2) (27'C>_n/2e 262 Z[:l(xz /J)
i=1

So computing the logarithm and differentiating gives

InLy(0) = —Eln(Zn) e - 752 Z

15




d n 1 ’
Wlan(e) = _2—02 + 2—04 Z(xi —,U)
2

o no 1 2
WIHLX(”’G):Z—G“_EZ(X’_‘“) .
1

It follows that the Fisher information is

2 n 2
n 1 n no n
_E[Z 1 - 4 _FE —u)? = — =
[dG% nfo(x)] 204 Jr<56 [i;(x H)’] 204 * c® 20
So if W is such that

EW = o

then \
20

VW] > —
n

Then to obtain the lower bound of the Cramer-Rao inequality we need

d

a(®)W(x) ~(8)] = 5o~

1x(6)

which means W (x) would have to be a function of ¥ (x; — u)* which is not possible since
u not known.
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4 Sufficiency and unbiased estimators

4.1 Background
4.1.1 Handout
Recall that if f is the joint pdf of X and Y, then

Txp (xy) :=
where fy(y) = [ f(x,y)dx. And if
1) = EIXIY =] = [ xfi (dy)d
and we define #(Y) := E[X|Y], then
[E[X|Y]] =/yt(
/ /fX|Y (x[y) dx) fr(y)dy
y
= /xf(x,y)dxdy=E[ ]

=

Similarly we can show that

VIX]=VIEX[Y]|+E[VIX|Y]]

4.2 The Rao-Blackwell theorem
4.2.1 Handout

Proof. From
EX]|=E[E(X|Y)], and V[X|=VIEX|Y)|+E[V(X|Y)]

we have that
©(6) = Eo[W] = Eo[E(W|T)] = Eo[(T)]
and so ¢(7) is unbiased for t(0). Furthermore, we have that
Vo[W] = W[E(W|T)] + Eo[V(WIT)]
= Vo[0(T)] + Eo[V(WIT)]
> Volo(T)],

17



where the last inequalties comes from V(W |T) > 0.

Hence ¢(7) is uniformly better than W and all that remains is to show that ¢(7') is an
estimator. That is, to show that ¢(7) = E(W|T) is a function of only the sample and it is
independent of 6. From the definition of sufficiency, and the fact that W is a function of
only the sample, we get that the distribution of W|T is independent of 6.

Therefore, ¢(7') is a uniformly better unbiased estimator of t(0). O

4.3 Lehmann-Scheffé
4.3.1 Handout

add words and change this to a note...

Note 4.1. V[U] = VW] if and only if P[lU = W] = 1, VO Sometimes Eg[T| = a + b6 and
then we get U := 54

Note 4.2. E[Y] =0, S := Ep[Y|U], U is not necessarily adequate.

Theorem 4.2 (Lehmann—Scheffé ) Let T be a complete and sufficient statistic for a
parameter © and O(T) be any estimator based only on T. Then O(T) is the unique best
unbiased estimator of its expected value t(0).

Sonnun. By Rao-Blackwell: If R is any unbiased estimator of the parameter 0 then:
o(T) = E[R|T]
is an unbiased estimate of O such that:
Var[E(R|T)] < Var[R]
Then let S be any other unbiased estimator and
w(T) = E[S|T]
then
Eo[o(T) —w(T)] =0
and because T is complete it follows that
Po(0(T) =w(T)) =1 O

So ¢(T) is the unique best unbiased estimator.

Example 4.1. Let X;...X, ~ bin(k,0) be iid, Y := Y1 X; ~ bin(kn, )

1. Since X; are binomial we get:

X1 Xn

= (k) (k>92x1(1 _e)kn—in
X1 Xp

so we see that Y is sufficient for 0.

PIX) = x1, . Xy = 1] = (")...(k>eXf(1-e>kXf...,.eXn(1-e>an

18



2. Now let Eg [g(Y)] = O for all © and show that Y is complete.

_kn kn _knf__knkn kn) (_® Y
Ee[g(Y)]—y;O g(y)<y>9y(1 )" =(1-6) y;)g(y)(y)(l—e)

We observer that if 8 € {0,1} the expected value of g(Y) is trivially 0. Now if
0 < 0 < 1 then Eg[g(Y)] = 0 if and only if

yz;)ng(y) (kyn> (%)y =0

But since this is a polynomial it is O only if every coefficient is 0O, that is only
if g(y) =0 for all y. Therefore we conclude that Y is a complete and sufficient
statistic.

3. Note that: P[X; = 1] = k6(1 —0)*~! =: 1(8). And therefore

W::{l X =1
0 annars

is an unbiased estimator for T(0) since

1
Eg[W] =Y wPs(W =w) =Py(X; =1) =1(0)
w=0

4. Finally, since Y is a complete and sufficient statistic and W is an unbiased
estimator, we simply define ¢(Y) := E[W|Y] to get the unique best unbiased
estimator.
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5 Overview of point estimation

5.1 Summary

Main points

Methods: MLE, m.o.m., BLUE, min xz, ...

Quality criteria: bias, variance, MSE

Special attention: MINVUE (UMVUE)

Cramer-Rao (lower bd on variance)

Fisher information

Rao-Blackwell (condition on suff. statistic)
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